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1 Introduction. 



The famous paper pQ written by Yang and Mills is a milestone of the modern 
quantum physics, where the role played by the equations introduced in the 
paper (called now the SU (2) Yang-Mills equations) can be compared only to 
that of the Klein-Gordon-Fock, Schrodinger, Maxwell and Dirac equations. 
However, the real importance of the Yang-Mills equations has been under- 
stood only in the late sixties, when the concept of the gauge fields as of those 
responsible for all the four fundamental physical interactions (gravitational, 
electro-magnetic, weak and strong interactions) has become widely spread. 

The simplest example of the gauge theory in the (1 + 3)-dimensional 
space is the system of the Maxwell equations for the four-component vector- 
potential of the electro-magnetic field, whose gauge group is the one-para- 
meter group U(l). The simplest example of the non-Abelian gauge group 
is the group SU(2). This very group is realized as the symmetry group 
admitted by the Yang-Mills equations describing the triplet of the gauge 
fields (called in the sequel the Yang-Mills field) A M (x) = (A a {x), a = 1, 2, 3), 
where /z = 1,2,3,4, x — (xi,X2,xs,X4) for the case of the four- dimensional 
Euclid space and [i — 0, 1, 2, 3, x — (xq = t, x\, X2, £3) = (t, x) for the case 
of the Minkowski space. The matrix vector field = A^(x) is defined as 
follows: ^ 

A,. = c — A,,. 

2,i 

Here a a , (a = 1, 2, 3) are the Pauli matrices 

1 \ / - A / 1 



aj = 1 1 o;- ° 2 = \i ai= \0 -1 

and e is the real constant called the gauge coupling constant. 

Using the matrix gauge potentials one constructs the matrix-valued field 

Ffj, u = &*A V - d u A^ + [Ap, A u ], fi, v = 0, 1, 2, 3. 
Writing the above expressions component-wise yields 

F/j,v = e ~2i^^i = d^AI — d v A^ + effcA^Al, 

where //, v — 0, 1, 2, 3, a = 1, 2, 3 and the symbols /£., (a, b, c = 1, 2, 3) stand 
for the structure constants determining the Lie algebra of the gauge group 
(note that for the case of the group SU(2), fg, = e af)C , e afec being the anti- 
symmetric tensor with e 12 3 = 1, a, b, c = 1, 2, 3). 
Hereafter we use the following designations: 
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Furthermore, lowering and rising the indices /i, v is performed with the help 
of the metric tensor of the space of the variables x p and the summation over 
the repeated indices is carried out. 

The SU(2) Yang-Mills equations are obtained from the Lagrangian 

£ = —F^F^ 

and are of the form 

d p F pv + [A", F„ v ] = [D„ F^\ = 0, (1.1) 

where D p = d p + is the covariant derivative, /i, v = 0, 1, 2, 3. 

One of the most popular and exciting parts of the general theory of the 
Yang-Mills equations is that devoted to constructing their exact analytical 
solutions. There is a vast literature devoted solely to constructing and ana- 
lyzing exact solutions of (jl.lj) (see, the review by Actor [2| and the monograph 
[3| for the extensive list of references). The majority of the results is obtained 
for the case of the Yang-Mills equations in the Euclidean space. The principal 
reason for this is the fact that equations (jl.lj) in the Euclidean space have the 
monopole and instanton solutions 011], that admit numerous physical inter- 
pretations and have highly non-trivial geometrical and algebraic properties. 
Note that these and some other classes of exact solutions of system (ll.lj) can 
be also obtained by solving the so-called self-dual Yang-Mills equations 

F^ / = *F IW , fi,u = 0,1,2,3. (1.2) 

Evidently, each solution of (jl.2j) satisfies (jl.lj) . while the reverse assertion 
does not hold. 

Provided we consider the Euclidean case, *F flu = \e pu \ p F\ pi (/x, z/, A, p = 
1, 2, 3, 4), where e pv \ p is the completely anti-symmetric tensor, and equations 
(jl.2j) form the system of four real first-order partial differential equations. 

It was the self-duality property of the instanton solutions of (jl.lj) in the 
Euclidean space, that had enabled using the ansatz, suggested by t'Hooft 
[5], Corrigan and Fairlie Wilczek j? i and Witten jS], in order to con- 
struct these solutions. Furthermore, the well-known monopole solution by 
Prasad and Sommerfield as well as, the solutions obtainable via the 
Atyah-Hitchin-Drinfeld-Manin method ^U] exploit explicitly the self-duality 
condition. 

One more important property of the self-dual Yang-Mills equations is that 
they are equivalent to the compatibility conditions of some over-determined 
system of linear partial differential equations fUEIj- In other words, the self- 
dual Yang-Mills equations admit the Lax representation and, in this sense, 
are integrable. By this very reason it is possible to reduce equations (jl.2j) to 
the well-studied solitonic equations, such as the Euler- Arnold, Burgers and 
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Devy-Stuardson equations (Chakravarty et al, [T3*l ITI] ) and Liouville and 
sine-Gordon equations (Tafel, [T^]) by the use of the symmetry reduction 
method. 

For the case, when the Yang-Mills field are defined in the Minkowski 
space, we have, *F^ U = | e^ u \ p F xp , (//, v, X, p = 0,1,2,3). Consequently, 
equations (|1.2|) form the system of complex first-order differential equations. 
In view of this fact, exploitation of the above mentioned methods and re- 
sults for study of the SU(2) Yang-Mills equations (jl.lj) in the Minkowski 
space yields complex-valued solutions. That is why, the above mentioned 
methods for solving equations fail to be efficient for the case of the 

Minkowski space. Consequently, there is a need for developing the new 
methods, that do not rely on the self-duality condition. This problem has 
been addressed by one of the creators of the inverse scattering technique 
V.E.Zaharov, who wrote in the foreword to the Russian translation of the 
monograph by Calogero and Degasperis [T2], that a number of important 
problems of the nonlinear mathematical physics (including the Yang-Mills 
equations in the Minkowski space) are still waiting for new efficient solution 
techniques to appear. 

On the other hand, it is known [T7] (see, also, [TH]) that equations (jl.lj) 
have rich symmetry. Namely, their maximal (in the Lie sense) symmetry 
group is the group G (g) SU (2), where G is 

• the conformal group C(l, 3), if the Yang-Mills equations are defined in 
the Minkowski space; 

• the conformal group C(4), if the Yang-Mills equations are defined in 
the Euclidean space; 

• the conformal group C(2, 2), if the Yang-Mills equations are defined in 
the pseudo-Euclidean space having the metric tensor with the signature 

(-, -, +, +)• 

Note that the maximal symmetry groups admitted by the self-dual Yang- 
Mills equations (jl.2j) coincide with the symmetry groups of the corresponding 
equations (jl.lj) . 

The rich symmetry of equations (jl.lj) . (jl.2j) enables efficient exploitation 
of the symmetry reduction routine for the sake of dimensional reduction of 
the Yang-Mills equations either to ordinary differential equations integrable 
by quadratures or to integrable solitonic equations in two or three inde- 
pendent variables JH| In particular, some subgroups of the generalized 
Poincare group P(2, 2), which is the subgroup of the conformal group C(2, 2), 
were used in order to reduce the self-dual Yang-Mills equations, defined in 
the pseudo- Euclidean space having the metric tensor with the signature (— , 
— , +, +), to a number of known integrable systems, like, the Ernst, cubic 
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Schrodinger and Euler-Calogero-Moser equations (see, [22] and the refer- 
ences therein). Legare et al have carried out systematic investigation of the 
problem of symmetry reduction of system (jl.2|) in the Euclidean space by 
subgroups of the Euclid group E(A) G C(4) "23 123] • What is more, some 
of the known analytical solutions of equations in the Euclidean space 
(namely, the non self-dual meron solution, obtained by Alfaro, Fubini and 
Furlan [25] . and the instanton solution, constructed by Belavin, Polyakov, 
Schwartz and Tyupkin j2j""|) can also be obtained within the framework of 
the symmetry reduction approach (see, e.g., [2T]). 

To the best of our knowledge, the first paper devoted to symmetry re- 
duction of the SU(2) Yang-Mills equations in the Minkowski space has been 
published by Fushchych and Shtelen j2Zj (see, also, "21] )• They use two 
conformally-invariant ansatzes in order to perform reduction of equations 
(II- lj) to systems of ordinary differential equations. Integrating the latter 
yields several exact solutions of the Yang- Mills equations (II. 1|) . 

Let us note that the full solution of the problem of symmetry reduction 
of fundamental equations of relativistic physics, whose symmetry groups are 
subgroups of the conformal group C(l,3), has been obtained for the scalar 
wave equation only (see, for further details, [21], [SOI)- This fact is ex- 
plained by the extreme cumbersomity of the calculations needed to perform 
a systematic symmetry reduction of systems of partial differential equations 
by all inequivalent subgroups of the conformal group C(l,3). The complete 
solution of the problem symmetry reduction to systems of ordinary differ- 
ential equations has been obtained for the conformally-invariant nonlinear 
spinor equations [HI] [HB] 5 that generalize the Dirac equation for an electron. 
In our recent publications we have carried out symmetry reduction of the 
Yang-Mills equations (jl.l|) . (jl.2|) by subgroups of the Poincare group and 
have constructed a number of their exact solutions [3*"""| |39j. 

The principal aim of the present paper is two-fold. Firstly, we will review 
the already known ideas, methods and results, centered around the solution 
techniques, that are based on the symmetry reduction method for the Yang- 
Mills equations (jl.ljl . (|1.2j) in the Minkowski space. Secondly, we will expose 
the general reduction routine, developed by us recently, that enables the uni- 
fied treatment of both the classical and non-classical symmetry reduction 
approaches for an arbitrary relativistically-invariant system of partial differ- 
ential equations. As a by-product, this approach yields exhaustive solution 
of the problem of symmetry reduction of the vacuum Maxwell equations 

rotE = -S divH = 0, 

(1.3) 

rotH=^, divE = 0. 

The history of the study of symmetry properties of equations (jl.3[) goes 
back to the beginning of the century. Invariance properties of the Maxwell 
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equations have been studied by Lorentz [3U] and Poincare |4*H I42j . They have 
proved that equations (jl.3j) are invariant with respect to the transformation 
group named by the Poincare's suggestion the Lorentz group. Furthermore, 
Larmor and Rainich [33] have found that equations (jl.3|) are invariant 
with respect the one-parameter transformation group 

E -> Ecosfl + Hsin#, H ^ H cos # — E sin # (1.4) 

called now the Heviside-Larmor-Rainich group. Later on, Bateman [3H] and 
Cunningham j3H| showed that the Maxwell equations are invariant with re- 
spect to the conformal group. 

Much later, Ibragimov [IT] have proved that the group (7(1, 3) (g) H, where 
(7(1, 3) is the group of conformal transformations of the Minkowski space and 
H is the Heviside-Larmor-Rainich group (jl.4|) . is the maximal in Lie's sense 
invariance group of equations (jl.3j) . Note that this result coincides with 
that obtained earlier without explicit use of the infinitesimal Lie algorithm 
[TUl I2U] . A further progress in study of symmetries of the Maxwell equations 
has become possible, when Fushchych and Nikitin suggested the non-Lie 
approach to investigating symmetry properties of linear systems of partial 
differential equations (see, for more details, |3E])- 

The present review is based mainly on our publications JUS] [25], jHHIHZl 
EE1 EH], jlHl^jSSl and has the following structure. In the second section we 
give the detailed description of the general reduction routine for an arbitrary 
relativistically-invariant systems of partial differential equations. The results 
of this section are used in the third one in order to solve the problem of 
symmetry reduction of the Yang-Mills equations (jl.lj) by subgroups of the 
Pojncare group P(l, 3) and to construct their exact (non-Abelian) solutions. 
In the next section we review the techniques for non-classical reductions of 
the 577(2) Yang-Mills equations, that are based on their conditional symme- 
try. These techniques enable obtaining the principally new classes of exact 
solutions of (jl.lj) . that are not derivable within the framework of the stan- 
dard symmetry reduction technique. In the fifth section we give an overview 
of the known invariant solutions of the Maxwell equations and construct 
multi-parameter families of new ones. 

2 Conformally- invariant ansatzes for an arbi- 
trary vector field 

In this section we describe the general approach to constructing conformally- 
invariant ansatzes applicable to any (linear or non-linear) system of partial 
differential equations, on whose solution set a linear covariant representation 
of the conformal group (7(1,3) is realized. Since the majority of the equa- 
tions of the relativistic physics, including the Klein-Gordon-Fock, Maxwell, 
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massless Dirac and Yang-Mills equations respect this requirement, they can 
be handled within the framework of this approach. 

Note that all our subsequent considerations are local and the functions 
involved are supposed to be as many times continuously differentiable, as it 
is necessary for performing the corresponding mathematical operations. 



2.1 On the linear form of invariant ansatzes 

Consider the system of partial differential equations (we denote it as S) 

S : F(x,u,u, . . . ,u) = 0, A = l,...,m, (2.1) 

A 1 r 

defined on the open subset M C X x U ~ R q x RP of the space of p 
independent and q dependent variables. In (|2.1|) we use the notations, 

x = (x 1 ,...,x p ) e X, u = (u\...,u q ) e U, u = { dx ai d ^ ^ dx «p ' 

< ai < Yli=x a i = h k)l, . . . ,qj, I = 1,2, . . . ,r and Fa are sufficiently 
smooth functions of the given arguments. 

Let G be a local transformation group, that acts on M and is the sym- 
metry group of system (j2.1j) . Next, let the basis operators of the Lie algebra 
g of the group G be of the form 

X a = e(x,u)«9 Xi +^(x,u),9 uJ , a=l,...,n, (2.2) 

where if- are arbitrary smooth functions on M, d u j = i — 1, . . . , p, j = 
1, . . . , q. By definition, operators (J2.2j) satisfy the commutation relations 



[•^oj -Xfc] = X a Xb — XbX a — C c ab X c , a,b,c — 1 



where C c ah are the structure constants, that determine uniquely the type of 
the Lie algebra g. 

We say that a solution u = f (x), (f = (f 1 , . . . , f q )) of system (j2.1|) . is G- 
invariant, if the manifold u — f (x) = is invariant with respect to the action 
of the group G. This means that for an arbitrary g G G the functions f and 
g(f) coincide in the intersection of the domains, where they are defined. More 
precisely, we can define G-invariant solution of system (J2.1)) as the solution 
u = f (x), whose graph T f = {(x, f (x))} C M is locally G-invariant subset of 
the set M. 

If G is the symmetry group of system (|2.1|) . then, under some additional 
assumption of regularity of the action of the group G, we can find all its 
G-invariant solutions by solving the reduced system of differential equations 
S/G. Note that by construction the system S/G has fewer number of inde- 
pendent variables, i.e., the dimension of the initial system is reduced (by this 
very reason, the above procedure is called the symmetry reduction method). 
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In the sequel, we will restrict our considerations to the case of the pro- 
jective action of the group G in M. This means that all the transformations 
g from G are of the form 

(x,u) = <7((x,u)) = (^(x),$ 9 (x, u)). 

In other words, the transformation law for the independent variables x does 
not involve the dependent variables (for the Lie algebra g of the group G this 
implies that in formulae ()1.2|) = £*(x)). This defines the projective action 
of the group G x = g(x) = ^/ 9 (x) in an arbitrary subset Q of the set X. 

In what follows, we will suppose that the action of the group G in M 
and its projective action in Q are regular and the orbits of these actions have 
the same dimension s. This dimension is called the rank of the group G 
(or, alternatively, the rank of the Lie algebra g). Note that the condition 
rank G = s is equivalent to the requirement that the relation 



rank || £*(x ) ||= rank || (x ), r^(x , u ) 



(2.3) 



holds in an arbitrary point (x , u ) G M And what is more, we will 

suppose that s < p (the case s = p is trivial, and furthermore, G-invariant 
functions do not exist under s > p). 

If the above assumptions hold, then there are p — s fuctionally inde- 



pendent invariants y 1 



^ 2 (x), 



uj p - s (x.) (the first 



set of invariants) of the group G acting projectively in f2, and what is 
more, each of them is the invariant of the group G acting in M. Further- 
more, there are q functionally independent invariants v l = (7 1 (x, u), v 2 = 
g 2 (x, u), . . . , v q = g 9 (x, u) of the group G acting in M (the second set of 
invariants) fR)\ |2*U] . Using the short-hand notation we represent the full set 
of invariants of the group G in the following way: 



y = w(x), v = g(x,u). 
Owing to the validity of the relation 

dgi 



(2.4) 



rank 



we can solve locally the second system of equations from ()2.4j) with respect 
to u 

u = f(x,v). (2.5) 

Using the relation 



rank 



dxi 



P-s, j = l, ...,p-s, 



l,...,p, 



S 



we choose p — s independent variables x 



rank 



dxi 



Xi, . . . , so that 
P-s, i,j = l,...,p 



s. 



We call these variables principal. The remaining s independent variables 
called parametrical (they enter all the subsequent for- 
mulae as parameters). 

Now we can solve the first system from (|2.4|) with respect to the principal 
variables 

x = z(x,y). (2.6) 
Inserting (|2.fij) into (|2.5jl we get the equality 



u = r(x,z, v) 



or 

u = r(x,y,v). (2.7) 

Note that in l|215 |) -l|277 j) . f = (f 1 , . . ., f 9 ), r = (r 1 , . . ., r 9 ), z = (z 1 , 
. . ., z p ~ s ). The so constructed G-invariant function (j2.7j) is called the ansatz. 
Inserting ansatz (|2.7|) into system ()2.1|) yields the system of partial differential 
equations for the functions v of the variables y, that do not involve explicitly 
the parametrical variables ^21- These equations form the reduced (or factor) 
system S/G having the fewer number of independent variables y 1 , . . . ,y p ~ s , 
as compared with the initial system ([2.1)1 . Now, if we are given a solution 
v = h(y) of the reduced system, then inserting it into ()2.7|) yields a G- 
invariant solution of system ([2.10 . 

Summing up, we formulate the algorithm of symmetry reduction and 
construction of invariant solutions of systems of partial differential equations, 
that admit non-trivial Lie symmetry. 

(I) Using the infinitesimal Lie method we compute the maximal symmetry 
group G admitted by the equation under study. 

(II) We fix the symmetry degree s of the invariant solutions to be con- 
structed and find the optimal system of subgroups of the group G hav- 
ing the rank s. This is done with the use of the fact that the subgroup 
classification problem reduces to classifying inequivalent subalgebras of 
the rank k of the Lie algebra g of the group G. This classification is 
performed within the action of the inner automorphism group of the 
algebra g. 

(Ill) For each of the so obtained subgroups we construct the full set of 
functionally-independent invariants, which yields the invariant ansatz. 
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(IV) Inserting the above ansatz into the system of partial differential equati- 
ons under study reduces it to the one having n—s independent variables. 

(V) We investigate the reduced system and construct its exact solutions. 
Each of them corresponds to the invariant solution of the initial system. 

Symmetry properties of the overwhelming majority of physically signif- 
icant differential equations (including the Maxwell and SU(2) Yang-Mills 
equations) are well-known. The most important symmetry groups are those 
isomorphic to the Euclid, Galilei, Poincare groups and their natural exten- 
sions (the Schrodinger and conformal groups). This fact was a motivation 
for investigation of the subgroup structure of these fundamental groups ini- 
tiated by the paper by J. Patera, P.Winternitz and H.Zassenhaus [33]. They 
have suggested the general method for classifying continuous subgroups of 
Lie groups and illustrated its efficiency by re-deriving the known classifica- 
tion of inequivalent subgroups of the Poincare group P(l, 3). Exploiting this 
method has enabled to get the full description of continuous subgroups of 
a number of important symmetry groups arising in theoretical and math- 
ematical physics, including the Euclid, Galilei, Poincare, Schrodinger and 
conformal groups (see, e.g., [313] and the references therein). 

Thus to get the complete solution of the problem of symmetry reduction 
within the framework of the above formulated algorithm we need to be able 
to perform the remaining steps (III)-(V). However, solving these problems 
for a system of partial differential equations requires enormous amount of 
computations, and what is more, these computations cannot be fully autom- 
atized with the aid of symbolic computation routines. On the other hand, it 
is possible to simplify drastically the computations, if one notes that for the 
majority of physically important realizations of the Euclid, Galilei, Poincare 
groups and of their extensions the corresponding invariant solutions admit 
linear representation. It was this very idea that had enabled constructing 
broad classes of invariant solutions of a number of nonlinear spinor equa- 
tions EH-|I2|. 

In the sequel, we will concentrate on the case of the 15-parameter con- 
formal group C(l, 3), admitted both by the Maxwell and SU(2) Yang-Mills 
equations. We emphasize that the same reasoning applies directly to the case 
of the 11-parameter Schrodinger group Sch(l, 3), which is the analogue of the 
conformal group in the non-relativistic physics. The group C(l, 3) acts in the 
open domain M C R 1,3 x R q of the four- dimensional Minkowski space-time of 
the independent variables xo,x = (xi, X2, £3) and of the g-dimensional space 
of dependent variables u = u(x , x), u = (u l , u 2 , . . . , u q ). 

The Lie algebra c(l,3) of the conformal group C(l,3) is spanned by 
the generators of the translation P M , (/i = 0,1,2,3), rotation J ab , (a,b = 
1,2,3, a < b), Lorentz rotation Jo a , (a = 1,2,3), dilation D and conformal 
K^, (fi = 0, 1, 2, 3), transformations. The basis elements of c(l, 3) satisfy the 
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following commutation relations: 

[Pfj,, Pv\ — 0, [Pfj,, Ja/s] = dfiaPp — dupPa, 

[J (iv, Jap] = 9[i,pJva + 9uaJ^P ~ g^a-Ju/3 ~ gu/3-Jfj.a, (2-8) 

[P M ,D]=P M , [J fl „,D] = 0, (2.9) 

J" Q/3 ] = QynKp - g^K a , [D, Kp] = K^, 
[K„ K v \ = 0, [P M , K v ] = 2{g^D - J^). (2.10) 

Here ^t, v, a, (3 = 0,1,2,3 and g^ v is the metric tensor of the Minkowski 
space-time R 1 ' 3 , i.e., 
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0; 

1,2,3; 



The group C(l,3) contains the following important subgroups: 

1) The Poincare group P(l, 3), whose Lie algebra 3) is spanned by the 
operators P M , J^ u , (//, v = 0,1,2,3) satisfying commutation relations 
(ED; 

2) the extended Poincare group P(l, 3), whose Lie algebra p(l, 3) is span- 
ned by the operators P M , J^ v , D, (//, u — 0,1, 2, 3) satisfying commuta- 
tion relations (J£EJ), O - 

Analysis of the symmetry groups of the equations of the relativistic phy- 
sics shows that for the majority of them the generators of the Poincare, 
extended Poincare and conformal groups can be represented in the following 
form (see, e.g., |E| ESI 13 ) : 

Pju — 1 

J^iv = %^d Xu — x d Xfi — [Spvii ■ d u ), 
D = Xpd^ - k(Eu- d u ), 
K = 2x D - {x v x v )d xo - 2x a (S 0a u ■ d u ), 
K x = -2x 1 D-(x l/ x u )d Xl + 2x (S 01 u-d u ) 

-2x 2 (S 12 u ■ d u ) - 2x 3 {S 13 u ■ d u ), (2.11) 
K 2 = -2x 2 D - (x u x u )d X2 + 2x (S 02 u ■ d u ) 

+2x 1 (S 12 u ■ <9 U ) - 2x 3 (S 23 u ■ d u ), 
K 3 = -2x 3 D - (x u x u )d X3 + 2x (S 03 u ■ d u ) 

+2xi(S , i 3 u • d u ) + 2x 2 (S 23 u ■ d u ). 

In formulae (|2.11|) S^ IU are constant q x q matrices, that realize a repre- 
sentation of the Lie algebra o(l,3) of the pseudo-orthogonal group 0(1,3) 
and satisfy the commutation relations 

[Sfj, v , Sap] = g^pS ua + guaS^p — g^aSv/3 — g^pS^a, (2-12) 
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fi, u,a,P = 0, 1, 2, 3; g^ v is the metric tensor of the Minkowski space R 1,3 ; E 
is the unit q x g-matrix; u = (u 1 , u 2 , . . . , u q ) T ; d u = (d u i, d u 2, . . . , d u q) T ; the 
symbol (* ■ *) stands for the scalar product in the vector space R q . We remind 
that the repeated indices imply summation over the corresponding interval 
and raising and lowering the indices is carried out with the help of the metric 
9nv What is more, k is some fixed real number called the conformal degree 
of the group c(l, 3). 

It follows from relations (j2.11|) that the basis elements of the Lie algebra 
c(l,3) have the form ()2.2|) . where the functions depend on x e X = R p 
only and the functions r]j are linear in u. We will prove that owing to 
these properties of the basis elements of c(l, 3) the ansatzes invariant under 
subalgebras of the algebra (J2.ilj) admit linear representation. 

Let a local transformation group G act projectively in M, and let g = 
(X\, . . . , X n ) be its Lie algebra spanned by the infinitesimal operators of the 
form 

X a = e a (x)d Xl +p« k (x)u k d uJ , (2.13) 

where a = 1, . . . , n, i = 1, . . . ,p, j, k = 1, . . . , q. 

According to what was said above, the group G has the two types of 
invariants. The first set of invariants is formed by p — s (where s is the rank 
of the group G) functionally independent invariants 

w = w(x), w = (a; 1 , . . . , u p - s ). (2.14) 

The second set is formed by q invariants 

h = h(x,u), h= {h\...,h q ). (2.15) 

And what is more, the functions w and h are invariants of the group G if 
and only if they are, respectively, solutions of the following systems of partial 
differential equations: 

a. ,b 

C(x)^- = 0, (2.16) 
C(x) - + ^- =0 . (2.17) 

In f!2.16|) . (j2.17|) the indices take the following values, a = l,...,n, b = 
l,...,p-s,i = l,...,p,j,k,l = l,...,q. 

Generically, a G-invariant ansatz has the form (|2.fij) . where v = h. How- 
ever, provided the infinitesimal operators of the group G are of the form 
(|2.13)L G-invariant ansatz for the vector field u can be represented in the 
linear form j^H] 

u = A(x)h(w), (2.18) 
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where A(x) is some q x q matrix non-singular in Q C M, u = (u 1 , . . . , u q ) T , 
h= (h 1 ,...,h q ) T . 

The matrix A(x) from ()2.18|) is obtained by integrating the system of 
partial differential equations to be derived below. 

Lema 2.1 Let a G-invariant ansatz be of the form Then there is 

q x q-matrix H(x) = A _1 (x) non-singular in Q satisfying the matrix partial 
differential equation 

e(x) ^^ + F(x)ra(x) = °' (2 ' 19) 

where T a (x) is the q x q matrices, whose (i,j)th entry reads as p^(x) ; i,j = 
l,...,q. 

Proof. Provided a G-invariant ansatz is of the form (J2.18|) . the relation 

h = #(x)u 

with H(x) = A _1 (x) holds. So, the second set of invariants (J2.15j) of the 
group G consists of the functions, which are linear in w- 7 and, consequently, 
can be represented in the form 

h b = h bl (x)u l , b,l = l,...,q. 

The function h b is the invariant of the group G, if and only if, it satisfies 
equation (j2.17j) 

^)^»' + /5,(x)^W = o- 

Splitting this relation by u l yields that the system of partial differential 
equations 

C(x)^^ + MxK,(x) = 0, (2.20) 

holds for all the values of b, I. The indices in (|2.20j) take the following values, 
a = l,...,n, i = l,...,p, b,j,l = l,...,q. 

It is readily seen that the second term of the left-hand side of equation 
(J2.2(Jj) is the (b, l)ih entry of the matrix H(x)T a (x), (a = 1, . . . , n). Hence it 
follows that the matrix H(x) satisfies equation ()2.19|) . The lemma is proved. 

Below, we list the forms of the matrices T a for the basis operators of the 
algebra c(l, 3) 

• matrices T a , a = 1,2,3,4 corresponding to the operators P M , (// = 
0, 1, 2, 3) are zero q x q matrices; 
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• matrices T a , a = 1, ... ,6 corresponding to the operators J^ u , (//, v = 
0, 1, 2, 3) are equal to —S^ u , where S^ u are constant q x q matrices real- 
izing a representation of the algebra o(l, 3) and satisfying commutation 
relations (l2~T2l : 

• the matrix I\ corresponding to the dilation operator D reads as —kE, 
where k is the conformal degree of the algebra c(l, 3) and E is the unit 
5x5 matrix; 

• matrices T a , a = 1,2,3,4 corresponding to the operators K^, (/i = 
0, 1, 2, 3) are given by the following formulae: 

Ti = -2x kE - 2x15*01 - x 2 S 02 _ X 3 S 03, 

T 2 = 2x ± kE + 2x S i - 2x 2 S 12 - 2x 3 Si 3 , 

T 3 = 2x 2 kE + 2x S 02 + 2X1S12 - 2X3S23, 

T 4 = 2x 3 kE + 2x S 03 + 2xiSi 3 + 2x 2 S 2 z. 

With the explicit forms of the matrices r a in hand we can determine 
the structure of the matrices H = A -1 for ansatz f)2.18j) invariant under a 
subalgebra g of the conformal algebra c(l, 3). 

If g G p(l, 3) = (P M , J^ v \ /i, v = 0, 1, 2, 3), then the corresponding matrices 
T a are linear combinations of the matrices S^ u . Hence it follows that the 
matrix H can be looked in the form 

H = H = n exp(V^), (2.21) 

l-l<U 

where 8^ = 9^(^X0, x) are arbitrary smooth functions defined in Q C R 1,3 . 

Next, if g is a subalgebra of the conformal algebra c(l, 3) with a non-zero 
projection on the vector space spanned by the operators D, K , K\, K 2 , K 3 , 
then the corresponding matrices r a are linear combinations of the matrices 
E and S^ v . That is why, the matrix H should be looked for in the more 
general form 

H = exp(6E)H, (2.22) 

where 9 = 6(xq, x) is an arbitrary smooth function defined in Cl and H is the 
matrix given in (|2.21|) . 

2.2 Subalgebras of the conformal algebra c(l,3) of the 
rank 3 

Now we turn to the problem of constructing conformally-invariant ansatzes 
that reduce systems of partial differential equations invariant under the group 
(7(1,3) to systems of ordinary differential equations. 
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As a second step of the algorithm of symmetry reduction formulated 
above, we have to describe the optimal system of subalgebras of the algebra 
c(l,3) of the rank s = 3. Indeed, the initial system has p = 4 independent 
variables. It has to be reduced to a system of differential equations in 4— s = 1 
independent variables, so that s = 3. 

Classification of inequivalent subalgebras of the algebras p(l, 3), p(l,3), 
c(l, 3) within actions of different automorphism groups (including the groups 
P(l, 3), P(l, 3) and (7(1, 3)) is already available (see, e.g., [SO]). Since we will 
concentrate in the sequel on conformally-invariant systems, it is natural to 
restrict our considerations to the classification of subalgebras of c(l,3) that 
are inequivalent within the action of the conformal group (7(1,3). 

In order to get the full lists of the subalgebras in question we have to check 
that relation ()2.3|) with s = 3 holds for each element of the lists of inequivalent 
subalgebras of the algebras p(l, 3),p(l, 3), c(l, 3) given in [3U]. Evidently, we 
can restrict our considerations to subalgebras having the dimension not less 
than 3. 

Let c(l, 3) be the conformal algebra having the basis operators (J2.11|) and 
c^\l,3) be the conformal algebra spanned by the operators 

Pfx ' = d X/i , jj^J = x^d Xv — x d Xfi , — x^dx^, 

= 2x^D^ - {x u x u )d x ^, (2.23) 

where //, v = 0, 1, 2, 3. 

Note that the conformal group (7(1, 3) generated by the infinitesimal op- 
erators ()2.23|) acts in the space of independent variables R 1 ' 3 only. That is 
why, the basis operators of the algebra c^(l, 3) act in the space of dependent 
variables R q as zero operators. 

Lema 2.2 Let L be a subalgebra of the algebra c(l,3) of the rank s and let 
be the rank of the projection of L on c^(l,3). Then from the equality 
s = it follows that dimL = s. 

Proof. Suppose that the reverse assertion holds, namely, that L ^ s. As 
L > s, hence it follows that L > s. Choose the basis elements X\, . . . , X m of 
the algebra L so that 

• the rank of the matrix M, whose entries are projections of the operators 
Xi, . . . , X m on c^(l, 3), is equal to s, and 

• the linear space spanned by the operators X\, . . . ,X m contains L n 
{P ,P lt P 2 ,P 3 ). 

We denote as So the point (xq, x°) e Cl in which the rank of the matrix 
M equals to s. Let the vector fields Xi be equal to Xf, . . . , X® +1 , . . . X^ 
in So- Then there are constants a\, . . . , a s , such that the vector field ciiX® + 
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. . . + a s X® + X® +1 restricted to the space of dependent variables U = R q is 
a non-zero operator. Indeed, if this operator vanishes identically on R q for 
any choice of a%, . . . , a s , then the vector fields . . . , belong to the 

vector space (Pq, P%, P 2 , P 3 ) and this fact contradicts to the assumptions that 
dimL > s, rankL = s. Consequently, the matrix formed by the coefficients 
of the vector fields X 1 , . . . , X s , a x Xx + . . . + a s X s + X s+1 , has a non-zero 
minor of the order s + 1 in some point (x®, x°, u°) (the first four coordinates 
are same as those of the point So). This contradicts to the assumption that 
dimL > s. Hence we conclude that dimL = s. The lemma is proved. 

It follows from the above lemma that the validity of the relation (|2.3|) 
with s = 3 should be ascertained only for the three-dimensional subalgebras 
of the algebras p(l, 3),p(l, 3), c(l, 3) given in |3U]. And what is more, we can 
restrict our considerations to checking the first condition from ()2.3|) . 

Consider the subalgebras of the algebra p(l, 3), whose basis operators are 
of the form (|2.11|) . Among the three-dimensional subalgebras of the algebra 
p(l,3) listed in [SU] there are only five subalgebras (Gi, P + P 3 , Pi), {J12, 
Pi, P2), (J03, Po, P3), (J12, J13, J23), (J01, J02, J12), that do not respect the first 
condition (J2.3)) . These subalgebras give rise to the so called partially invariant 
solutions (see, e.g., |HI|)- Partially invariant solutions cannot be handled in 
a generic way, they should always be considered within the context of a 
specific system of partial differential equation to be reduced. We exclude the 
partially invariant solutions from the further considerations. The remaining 
inequivalent subalgebras are listed in the assertion below. 

Assertion 2.1 The list of subalgebras of the algebra p(l,3) of the rank 3, 
defined within the action of the inner automorphism group of the algebra 
c(l,3), is exhausted by the following subalgebras: 

L x = (P ,P 1 ,P 2 ); L 2 = (P 1 ,P 2 ,P 3 ); 

L 3 = (M,P 1 ,P 2 ); Li = (J 03 + aJ ia ,Pi,P2)l 

L 5 = (Joa.Af.Pi); L 6 ^(J 03 + P 1 ,P ,P 3 ); 

L 7 = (J 3 + Pi,M,P 2 ); Lz = {J 12 + aJ Q3 ,P Q ,P 3 )] 

L 9 = (J 12 + Po,PiiP 2 ); L{ = (J 12 + (-iyP 3 ,P h P 2 ); 

£|i = (Ji 2 + (-iy2T,P u P 2 ); L 12 = (G 1 ,M,P 2 + aP 1 ); 

L{ 3 = (G 1 + (-iyP 2 ,M } P 1 ); L 14 =(G 1 + 2T,M,P 2 ); 

L 15 = (G 1 + 2T,M,P 1 + aP 2 ); L 16 = ( J 12 , J 03 , M); 

L 3 n — {G{,G2,M); Li 8 = (J 03 , G\, P 2 ); 

L 19 = (G 1 ,J 03 ,M); L 20 = (G 1 ,J 03 + P 2 ,M)- 

L 21 = (G u J 03 + Pi + aP 2 , M); L 22 = (G u G 2 , J 03 + aJ 12 ), 

where a G R; M = P + P 3 , T = \ (P - P 3 ), G a = J 0a - J a3 , (a = 1, 2); 
G{ = G x + (-iyP 2 , G 3 2 = G 2 - {-iyPi + aP 2 ; j=l,2. 
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In the same way, we handle the three-dimensional subalgebras of the 
algebras p(l, 3) and c(l, 3). We have skipped from the list of subalgebras of 
the algebra p(l,3) those conjugate to subalgebras of p(l,3). Furthermore, 
we have skipped from the list of subalgebras of the conformal algebra those 
conjugate to subalgebras of the algebra p(l,3). The results obtained are 
presented in the two assertions below. 

Assertion 2.2 The list of subalgebras of the algebra p(l, 3) of the rank 3, 
defined within the action of the inner automorphism group of the algebra 
c(l,3), is exhausted by the subalgebras given in Assertion \2.1\ and by the 
following subalgebras: 





— 


(D,P ,P 3 ); F 2 = (J 12 + aD,P ,P 3 ); 


F 3 




(J12, D, P ); P 4 = (J12, D, P 3 ); 


r 5 




tl no -\-n/D p n p„V p„ — / 7_„ _i_ n n p pa- 


F 7 




( J 03 + aD, M, Pi) (a 0); 


F 8 




(J 03 + D + (-iy2T,P h P 2 ); 


F 9 




(J 03 + J D + (-l) J 2T,M,P 1 ); F 10 = (J 03 , D, P x ); 


F u 




(Jos, D, M); P 12 = ( J 12 + a J 03 + /?£>, P , P 3 ) (a/0); 


F13 




(J 12 + aJ 03 + (3D,P u P 2 ) (a^O); 


Fu 




+ a( J 03 + P + 2T), P 1; P 2 ) (a ^ 0); 


Fis 




(Ji2 + aJ 03 ,D,M) (a^O); 


Fie 




( J 03 + aP, J 12 + /3P, M) (0 < |a| < 1, /3 > 0, \a\ + \(3\ ^ 0); 


Fu 




( J 03 + £ + (-1) J 2T, J 12 + 2aT, M) (a e P); 


Fig 




( J 03 + P, J12 + (-1) J 2T, M); Pi 9 = (Jos, Jia, 


F20 




(G u J 03 + aD,P 2 ) (0<H<1); 


F21 




(J 3 + AGi + (-iyP 2 ,M); 


F22 




(Jo3-P+(-l) J M,G 1 ,P 2 ); 


F23 




(J 03 + 2AGi + (-l) i 2T,M); 


F24 




(Jo3 + 2P,G 1 + (-l) J 2T,P 2 ). 


Here M 




Pq + P 3 , Gi = J i — Ji3, T = |(P — P 3 ) ; £/ie parameters a, /3 


positive (if 


otherwise is not indicated); j = 1,2. 



Assertion 2.3 T7ie te£ o/ subalgebras of the algebra c(l,3) of the rank 3, 
defined within the action of the inner automorphism group of the algebra 
c(l,3) ; is exhausted by the subalgebras of the algebras p(l, 3),p(l, 3) given in 
Assertions \2.1\ and \2.2\ and by the following subalgebras: 

d = (S + T+J 1 2,G 1 + P 2j M); 

C 2 = (S + T+J l2 + G l + P 2 ,G 2 -P l ,M); 
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C 3 = (J 12 ,S + T,M); C,= (S + T,Z,M); 

G 5 = (S + T + aJ 12 ,Z,M) (a^O); 

G 6 = (S + T + J 12 + aZ, Gi + P 2 , M) (a ^ 0); 

G 7 = + T + J 12 ,Z,G 1 + P 2 ); 

G 8 = (5 + T + J 12 + aZ, M) (a,PeR, \a\ + \0\ ^ 0); 

G 9 = (J 12 ,S + T,Z>; C 10 = (D- J 3,S,T); 

C n = (P 2 + K 2 + V3(P 1 + K 1 ) + K -P (h 

-D + J 02 - V3J i, Po + - 2(K 2 - P 2 )); 

G 12 = (P + K )©(J 12 ,K 3 -P 3 >; 

C 13 = (2J 12 + K 3 -P 3 ,2J 13 -K 2 + P 2 ,2J 23 + K 1 -P 1 ); 
G 14 = (P 1 + K 1 + 2J 03 ,P 2 + K 2 + K -P ,2J 12 + K 3 -P 3 ), 

where M = P + P 3 , G 0a = ^oa - J a 3, = 1,2), Z = J 03 + A S = 
\{K + K 3 ),T = \(P -P 3 ). 

Remark. While classifying subalgebras of the extended Poincare algebra 
p(l,3), the discrete equivalence transformations $i,$ 2 ,$ 3 , that leave the 
algebra p(l, 3) invariant, were exploited in [SO!- The result of the action 
of these groups on the operators of the algebra p(l, 3) is given in Table 
2.1. That is why, we have completed the list of subalgebras of the algebras 
p(l, 3),j5(l, 3) obtained in |231 by the subalgebras obtainable by acting on 
these subalgebras with the discrete transformation groups $i, $ 2 , <E> 3 . 



Table 2.1. 



Operators 


Action on p(l, 3) 


$i 






Po 


-Po 


Po 


-Po 


Pi 


-Pi 


-Pi 


Pi 


P a (a = 2, 3) 


-Pa 


Pa 


-Pa 


^03 




Jo3 


Jo3 


Jl2 


Jl2 


-Jl2 


-Jl2 


G x 


G x 


-Ga 


-Gx 


G 2 


G 2 


G 2 


G 2 


M 


-M 


M 


—M 


T 


-T 


T 


-T 


D 


D 


D 


D 



2.3 Construction of conformally- invariant ansatzes 

Now we turn to constructing G(l, 3)-invariant ansatzes that reduce conforma- 
lly-invariant systems of partial differential equations to systems of ordinary 
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differential equations. To this end, we use the lists of subalgebras of the 
algebra c(l,3) given in Assertions I2.1fj2~3l Note that all the subsequent 
computations are performed under supposition that the basis operators of 
c(l, 3) are of the form (j2.11j) . 

As shown in Subsection 2.1, the ansatzes in question can be looked for 
in the linear form (|2.18|) . matrices H = A -1 being searched for in the form 
(I2.22|) . According to Lemma 12.11 the matrix H has to satisfy equations 
(I2.19|) . whose coefficients are defined uniquely by the choice of a subalgebra 
of the conformal algebra of the rank 3. So that, the problem of complete 
description of conformally-invariant ansatzes reduces to solving system of 
partial differential equations (|2.16j) . (|2.19|) for each of the subalgebras of the 
conformal algebra, which requires the huge amount of computations. The 
calculations simplify essentially, if we take into account the general structure 
of the subalgebras listed in Assertions I2.1H2.3I 

For the further convenience, we will use the following basis of the algebra 
o(l,3): S 03 , 5*12, H a , H a , (a = 1,2), where H a = S 0a - S a3 , H a = S 0a + 
S a 3, { a — 1 ; 2). It is not difficult to check that these matrices satisfy the 
commutation relations 

[5*03, 5*12] = [Hi, H 2 ] = [Hi, H 2 ] = 0, 

[H a , S03] = H a , [H a , S 03 ] = —H a , (a = 1, 2), 

[Hi, S 12 ] = -H 2 , [H 2 , S 12 ] = Hi, (2.24) 

[Hi, S12) = —H 2 , [H 2 , S12) = Hi, 

[Hi, Hi] = [H 2 ,H 2 ] = —2S03, 

[H 2 ,Hi] = [H 2 ,Hi] = 2Si 2 . 

In particular, relations ()2.24|) imply that the matrices Hi, H 2 , Si 2 , S03 and 
Hi, H 2 , Si 2 , S03 realize two matrix representations of the Euclid algebra e(2) 
(here the matrix 603 is identified with the dilation generator and the matrices 
Hi,H 2 and Hi,H 2 are identified with the translation generators). Further- 
more, as E is the unit matrix, it commutes with all the basis elements of 
o(l, 3), namely, 

[E, S X2 ] = [E, S 03 ] = [E, H a ] = [E, H a ] = 0, (2.25) 

where a = 1, 2. 

Analyzing the structure of the basis elements of the subalgebras of the 
conformal algebra given in Assertions I2.1fj2~3*l we see that the corresponding 
matrices T a are most conveniently represented in terms of the matrices S03, 
S12, H a , H a , (a = 1, 2). Hence we conclude that the matrix H = H(x , x) = 
A _1 (so,x) can be looked for in the form 

H = exp{(-\n6)E}exp(6 S 03 )exp(-6 3 S 12 )exp(-26 l H 1 ) 

x exp(-2# 2 # 2 ) exp(-2# 4 #i) exp(-2fl 5 iJ 2 ), (2.26) 
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where 9 = 9(x , x), O = 9 (x , x), m = 9 m (x , x), (m = 1, 2, . . . , 5) are arbi- 
trary smooth functions defined in an open domain Cl C R 1 ' 3 of the Minkowski 
space of the independent variables xq, x = (xi,x 2 , X3). 

Let L = (X a \a = 1, 2, 3) be a subalgebra of the algebra c(l, 3) of the rank 
3. By assumption, the basis operators of L can be written in the following 
form: 

X a = tf(x Q ,x)d Xli + (T a u-d u ), a = 1,2, 3, (2.27) 
and what is more, 

T a = rE+f«S 03 + f?H 1 + f«H 2 + f«S 12 + f*H 1 + f°H 2 , (a = 1,2,3), (2.28) 

where f a = f a (x ,x), / a = f£(x , x), /» = /£(z„,x), (m = 1,...,5) are 
some fixed smooth functions. In particular, if the operator X a is a linear 
combination of the translation generators, then T a = 0, and therefore, f a = 
fS = fa = in (E2SI». 

Owing to Lemma f2. 11 in order to construct ansatz (J2.18|) invariant under 
the subalgebra L, we have to solve systems (|2.16|) . ()2.19|) . which in the case 
under consideration read as 

= 0, (2.29) 
+ Hf a = 0, (2.30) 

dx^ 

where a = 1,2,3, fi = 0,1,2,3. The functions ^ = ^(xo,x) and the 
variable matrices r a = T(xo,x) are the coefficients of the basis operators 
of the subalgebra L (note that T a is of the form (|2.28jl ). Matrix function 
H ()2.26|) and the scalar function uj = uj(xq,x.) are to be determined while 
integrating flZZjfl , (j2~3nj) . 

Next, we will prove a technical assertion to be used in the sequel for 
simplifying the form of system ()2.30|) . 

Lema 2.3 Let H be of the form \2.2b)) . Then the following identity holds 
true: 

f)M ( f)9 f)9 

= H[-O- 1 %^E + %p.[{l + M 1 O A + M 2 B )S m 

+8(0 1 s - 9 2 9 4 )S 12 + 20!^ + 29 2 H 2 - 2(0 4 + 40 x 0| + 80 2 4 5 

-40i0f)#i - 2(0 5 + A9 2 9l + 8010405 - 4020')^] 
(90 

-££-^[8(0204 - 0i0 5 )5 O3 + (1 + 80x04 + 80 2 5 )5 12 

+ 202^ - 19 X H 2 + 2(0 5 + 40 2 5 2 - 40 2 02 + 80x0405)^1 

-2(0 4 + 40x02 - 40i0 2 + 89 2 9 A 9 b )H 2 } 
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-2££^[40 4 Sb3 + 4^ 5 5i2 + H x + 4(# 5 2 - 2 )#! - W 5 # 2 ] 
-2e^[4^5'o3 - 46 4 S 12 + H 2 - 80 4 5 #i + 4(# 4 2 - 6l)H 2 ] 

where a = 1, 2, 3, /i = 0, 1, 2, 3. 

Proof. Acting by the linear differential operator £%d x on matrix H (|2.26|) 
yields the equality, whose right-hand side can be decomposed into the sum 
of seven terms having the same structure 

^ i=i 

As each of the terms Di is handled in the same way, we give the calculation 
details for one of them, say, for 

D A = exp{(-ln#)£} ft A<(-2^|^^i) ft A r (2.32) 

Note that in (|2.32j) we use the following designations: 

Ai = exp(6 l o5 , o 3 ), A 2 = exp(-9 3 S 12 ), 

A 3 = exp(-2^if 1 ), A 4 = exp(-2£ 3 # 2 ), (2.33) 

A 5 = exp(-20 4 #i), A 6 = exp(-2# 5 # 2 ). 

Having multiplied the right-hand side of ()2.32|) by the matrix HH^ 1 on the 
left, we arrive at the equality 

D A = ^(-2e^)A 6 " 1 A5 1 A4 1 /f 1 A 4 A 5 A 6 , (2.34) 

where the matrices A 4 ,A 5 ,A 6 are given in ()2.33j) . 

To simplify the right-hand side of (|2.34j) we exploit the Campbell-Haus- 
dorff formula 

oo 



exp( T A)B exp(-rA) = V —{A, B}\ 

n=0 

{ABf^tAKsr 1 ], {A,B}° = B, 



that holds for arbitrary square matrices A, B. 

With account of commutation relations (|2.24)l . 1)2.25)1 we get 

A^ 1 H 1 A 1 = ex V (26 2 H 2 )Hexp(-26 2 H 2 ) = H u 
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whence 

A5 1 A4 1 FA 4 A 5 = A^FiAg = exp(29 4 H 1 )H 1 exp(-29 4 H 1 ) 
= H l +A9 4 Sw-A6lH l . 

Consequently, 

A 6 ^5^4 1 /J 1 A 4 A 5 A 6 = exp(29 5 H 2 )(H 1 + A9 4 S 03 - A0>H x ) 

x exp(-29 5 H 2 ) = H l + A9 4 S m + A9 5 S 12 + 4(fl 5 2 - 9%)H X - 89 4 9 5 H 2 . 

Finally, we have 

f)9 

D 4 = F(-2e^-)[Fi + 4# 4 So3 + 4 ^i 2 + 4(# 5 2 - el)H x - 89 4 9 5 H 2 ]. 

The same reasonings, when applied to the remaining terms of the right- 
hand side of the equality (j2.31J) , complete the proof of the lemma. 

Assertion 2.4 System \2. 3U\) is equivalent to the system of partial differen- 
tial equations for the functions 9, 9 , 9 m , (m = 1, 2, . . . , 5) 

^ a dx, 1 y ' 

F)9 
f)9 

e-^ = mo, + o 2 9 5 )f^ 



+4(9,9, - 9 2 9 A )ft - 9JS ~ 02ft + \fl 

f)9 

+A(9 2 9 5 + 9 x 9 4 )f a 2 - 9 2 f« + 9^ + i/ 2 a , 

39 

= mft-osfn + fsi (2.35) 

r)9 1 



%W = ^/o -4Wi a + 2(^-^ 2 )/ 2 a + ^/ 3 a +2/5- 



In \2. ,9,5)) = 0,1,2,3; a = 1,2,3. T/ie coefficients of linear differential 
operators £q<9 Xm and the functions f a , f$, f^, [m = 1, 2, . . . , 5) are defined 
by the coefficients of the basis operators of the subalgebra L of the algebra 
c(l, 3) of the rank 3. 
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Proof. Inserting the expression for gi ven m Lemma ESI into the left- 

hand side of ()2.30|) and multiplying the obtained equation by the inverse 
of the non-singular matrix H we arrive at the system of matrix equations, 
whose left-hand sides are the linear combinations of the linearly indepen- 
dent matrices E, Soi, S\ 2 , H a , H a , (a = 1,2). Splitting the system obtained 
by these matrices, and taking into account the forms of the matrices T a , 
and performing some simplifications yield system of equations ()2.35|) . The 
assertion is proved. 

Summarizing we conclude that the problem of constructing conformally- 
invariant ansatzes reduces to finding the fundamental solution of the system 
of linear partial differential equations (|2.29|) and particular solutions of first- 
order system of nonlinear partial differential equations (|2.35|) . 

The next subsections are devoted to constructing the ansatzes invariant 
under the subalgebras of the Poincare, extended Poincare and conformal 
algebras given in Assertions I2.1H2.31 The solution procedure is based on the 
above derived identities and, essentially, on Assertion 12.41 



2.3.1 P(l, 3)-invariant ansatzes 

Subalgebras listed in Assertion 12. II give rise to P(l,3)- (Poincare-) invariant 
ansatzes. Analysis of the structure of these subalgebras shows that we can 
put 9 = 1, 64 = 9$ = in formula (J2.26)) for the matrix H. What is more, the 
form of the basis elements of these subalgebras imply that in formulae (J2.28)) , 
flUSH) f a = ft = / 5 a = 0, for all the values of a = 1, 2, 3. Owing to these 
facts, system ()2.35|) for the matrix H takes the form of twelve first-order 
partial differential equations for the functions 9 ,9i,9 2 , 9 3 



dOo ra , u 09 



r)9 1 
e a g^ = -OifS - ^ft + gtf , (2.36) 

f)9 1 

= -<hfs+oifs + 2/2, 

where \i = 0, 1, 2, 3; a = 1, 2, 3. 

We integrate system (|2.29jl for the case of the subalgebra L 2 2 = (Gi, G 2 , 
J03 +aJi 2 ), (a G R) (all other cases are handled in a similar way). 

System (|2.29|) for finding the function uj = u(x ,x.) reads as 

Gf'u = [{x - x 3 )d Xl + x x {d xo + d X3 )}uj = 0, 

G 2 u = [(x - x 3 )d X2 + x 2 {d X0 + d X3 )]u = 0, (2.37) 
(J$ + aj[l >)u = [x d X3 + x 3 d X0 + a(x 2 d Xl - Xid X2 )]uj = 0, a G R. 
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On making the change of variables 

2/o = (x Q + x 3 )(x -x 3 ), y 1 = yjx\+x. 



x 2 

y 2 = arctan — , y 3 = x - x 3 , 

X\ 



reduces system (|2.37|) to the form 



du „ du du 



Viw- + 2 yijr- ~ timy 2 jf- = 0, 

oyi oyo dy 2 

du o du , , -i du 
y x — + 2yl— - tany 2 l — = 
dyi dy dy 2 

du du 
dyz dy 2 



The fundamental solution of the above system reads as u = yo—yf. Returning 
back to the initial variables, we get the fundamental solution of system ([2.37)1 . 



UJ JU Jb — 1 2 3 



Next, taking into account the forms of the basis elements of the subalgebra 
L 22 , we get the expressions for the functions /" (/x = 0, 1, 2, 3; a = 1, 2, 3) 



Gi 
G 2 

J 03 + a J 12 



fi = f2 = f*=o, /i=-i; 

/o 2 = /i 2 = / 3 2 = o, / 2 2 = -i; 

/ 3 = -l, /f = /| = 0, f! = -a, (aeR). 



So that, system ()2.36|) takes the form 

G^e = G i t ) e 2 = G i l ) e 3 = o, g[ 1) 9 1 = -i 
d£\ = c^e, = G?e 3 = o, c^e 2 = ~, 

Us + otJ$)B Q = 1, {J$ + aj£>)9 3 = -a, (2.38) 
(4z + aJ$Wi = 0i + <*0 2 , (4? + aJ$)6 2 = 6 2 - ad,. 

As we have already mentioned, to construct the matrix H it suffices to find 
particular solutions of system ()2.38|) . The system for determination of the 
function 9 reads as 

d9 d9 / d6 d9 \ 1 

x - \-x 3 - Va[x 2 - X!-—) = 1. 

dx 3 dx \ dx\ dx 2 J 

We look for its particular solution of the form 6*0 = f{xo — x 3 ). By the direct 
check we become convinced of the fact that this function satisfies the first 
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two equations of system (|2.39|) . and furthermore, the third one reduces to 
the ordinary differential equation 

,df 

whose solution reads as / = — In |£|. 

Thus we can choose 9q = — hi \xq — ^3]. The first two equations for the 
function 03 coincide with those from ()2.39j) and the third equation 

89 3 ae 3 ( oe 3 oe 3 \ 

xq- h x 3 - \-alx2T. ^1-5— = -« 

8x 3 ox V ax\ 0x2' 

differs from the third equation from system ()2.39|) by the constant —a in the 
right-hand side. Owing to these remarks, we easily get the final form of the 
particular solution of ()2.39|) 

#3 = a In \xq — x 3 \. 

According to ()2.38|) the system for finding the functions 0i , 82 has the 
form 

,89, (89 x 89 x \ 1 
dx 1 \8x Q dx 3 ) 2' 
()()■> 1 "•■ 1 " 1 \ 

(x - x 3)-q^t + Xl I ~azr + ~ ) = °' 



dx 



2 



. .d9 2 fd9i 90 2 \ 1 
(x - x 3 )- h x 2 \ 



dx 


+ 


dx 3 


d6 2 




d6 2 




+ 




dx 


dx 3 


89, 




oe 2 


dx Q 


+ 


dx 3 










+ 





an 

(x -x 3 ) 7 -i + x 2 (^ + ^)=0, (2.40) 



8x2 \8xo 8x 3 ) 2' 

89, 89 1 / 89, 89, \ 

x t: h x 3 - a [x, ^27^— = #1 + a02, 

9x 3 9x V 9x 2 9xi/ 

90 2 90 2 / 90 2 90 2 \ „ 

XOT, \~X 3 - O il- X 27^— = 02 -«01- 

9x3 9xo V 0x2 ox\J 
We seek for its solutions of the form 

01 = <?(£, xi), 9 2 = h(^x 2 ), £ = x -x 3 . (2.41) 
Inserting functions (|2.41j) into system (J2.4Uj) reduces it to the form 

8g 1 8h 1 

£ - J = ) £ = 

dx, 2' 9x 2 2' 

-4— + ax2T^— = g + ah, 
94 9x x 

.d/i 8h 7 

~ ^i^ - = h-ag. 
94 9x 2 
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By the direct check we verify that the functions g = — £i(2£) 1 , h = 
—x 2 (2£)~ 1 satisfy this system. So that we can choose 

6>i = —x^xo - X3)" 1 , 6 2 = ~x 2 (x - x 3 )~ 1 . 

Performing the same calculations for the remaining subalgebras listed in 
Assertion 12.11 we arrive at the following statement. 

Assertion 2.5 Each subalgebra Lj, (J = 1,2, ... , 22) from the list given in 
Assertion \2. 1\ yields invariant ansatz with 

A- 1 = H = ex P (9 S 03 ) exp(-6 3 S 12 ) exp(-2^ lJ ff 1 ) exp(-29 2 H 2 ). 

And what is more, the functions 9^ = O^Xq, x), (p — 0, 1, 2, 3), uj = uj(x , x) 
are given by one of the corresponding formulae below: 



u 




= 0, (^ = 0,1,2,3), u = 


= x 3 ; 




L 2 


0, 


= 0, (// = 0,1,2,3), u~- 


= x ] 




L 3 




= 0, (0 = 0,1,2,3), u = 


= £; 




U 





= -ln|e|, 61 = 62 = 0, 


03 


= a\n\£\, uj 


U 


0o 


= -in|e|, e 1 = e 2 = e 3 


= 


uj = x 2 ; 


U 


0o 


= x u 6 1 = 6 2 = 6 3 = 0, 


UJ 


= x 2 ; 


L 7 


0o 


= xi, 6 l = 9 2 = 9 3 = 0, 


UJ 


= Xi + In 




0o 


= a arctanxiXg 1 , 6\ = 


2 = 


0, 



Lu 
L± 2 
L± 3 
Lu 

Lie 



0, 



axctenaxix 2 1 , oj = x\ + x\\ 



0o = 0i = 2 = 0, #3 
0o = 0\ = 02 = 0, 3 



0o = 0\ = 03 
0q = 2 = 3 

0q = 2 = 9 3 



0, 2 
0, 0i 
0, 0, 



-x Q , uj = x 3 ; 
-(-l) l x 3 , uj = x ; 
(-1)% 



■~(x x - ax 2 )i l , uj = i; 



X 2 , UJ = f ; 



H t) = (-), = (-), = (). 0, = --£, uj = e~±xi- 



00 — 02 — 03 — 0, 01 

o = -in|£|, e 1 = e 2 



4 

0, 03 



£, uj = a£ 2 — 4(axi — x 2 ); 



arctana^a^ , uj = x\ + x\\ 



1, 



#o = #3 = 0, 0i = --[(-1)^2 + (a + Oxi] [1 + (a + 0£]"\ 

02 = - X2 £][i + (a+ m~\ w = e; 
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-^18 


: #0 = 




01 = 


-i^r 1 , 02 = 03 


= 0, 


uj = £ri- x\\ 


Lig 


: = 


-Hei. 




-^r 1 , 02 = 03 


= 0, 


oj = x 2 ; 


L20 


: 9o = 


-iniei, 


0i = 


^2 = 03 


= 0, 


u = In |£| + x 2 


L21 


; 9 = 


-In ICI, 


0i = 


-l^+inieor 1 , 







02 = 03 = 0, = a In |£| + x 2 ; 

L 22 : e = -ln\Z\, e 1 = -±x 1 C\ 2 = -^ 2 r 1 ,03 = aln|e|, 
= x^ (/i = 0,1,2,3). 
Pere i = 1, 2; a G P; £ = x$ — X3, 77 = xo + £3. 

2.3.2 P(l, 3)-invariant ansatzes 

Generically, the list of P(l, 3)-invariant ansatzes is exhausted by P(l,3)- 
invariant ansatzes given in Assertion 12.51 and by ansatzes invariant with re- 
spect to the subalgebras Fj, (j = 1,2,..., 24) listed in Assertion 12 .21 By this 
reason, to construct all inequivalent P(l, 3)-invariant ansatzes, it suffices to 
consider the cases of the subalgebras Fj, (J = 1,2,... 24) only. 

A preliminary analysis of these algebras shows that for the algebras Fj 
with j taking the values 2, 3, 4, 12, 13, . . . , 19 we can choose Q\ = 2 = 4 = 
5 = in (I2~2oT) and, in addition, we can put f? = f% = fl = / 5 a = 0, 
(a = 1,2,3) in (|2.35p . As a consequence, system (|2.35|) for the subalgebras 
in question reads as 

= fan CI* _ f a cM^ 3 = fa 

^ a dx^ 1 ' ^ a dx„ Jo ' ^dx^ 73 ' 

where \i = 0, 1, 2, 3; a = 1, 2, 3. 

For the remaining subalgebras from the list given in Assertion 12.21 the 

following equalities hold, 0& = 0, = 0, {b = 2,3,4,5; a = 1,2,3), and 
system ()2.35|) takes the form 

W — _ fan CV^l-_fa <■» d0 l _ n fa , 1 f a 

^ a dx, ~ 7 4a ~ /o ' 4a ^ ~ 1/0 + 2 h ' 

where /x = 0, 1, 2, 3; a = 1, 2, 3. 

Summing up, we conclude that the problem of construction of P(l,3)- 
invariant ansatzes reduces to finding solutions of linear systems of first-order 
partial differential equations, that are integrated by rather standard methods 
of the general theory of partial differential equations. 

We omit the cumbersome intermediate calculations, which are very much 
the same as those performed in the previous subsection, and give the final 
result. 
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Assertion 2.6 Each subalgebra Fj, (J = 1,2, ... , 24) from the list given in 
Assertion \2.2\ yields invariant ansatz with 

A" 1 = H = exp{(- ln#)£} exp(0 o £ O3 ) exp(-9 3 S 12 ) exp(-20 1 ^ 1 ), 0^3 = 0. 
y4nd to/iai zs more, £/ie functions 9 = #(xo,x), 9 = 9 (xo,yL), 9i = #i(xi,x) ; 



03 = ^3(^3, x ) ; k> = ^(^o, x ) ar e gwen fry one 0/ i/ie corresponding formulae 


below 










9 = 


N fc , # = #i = #3 = 0, uj = x 2 x 1 1 ; 




F 2 


9 = 


fx? + Xo)^, 9n = Q\ = 0, 3 = arctanx^x^ 1 , 






UJ = 


ln(x? + Xn) + 2a arctanxoxr 1 , a > 0: 




F 3 


9 = 


\ x a\~ > #0 = #1 = 0, #3 = arctanx^^ 1 , u; = (x 2 + x 2 




F A 


9 = 


\ x o\~ k ■, do = 0i = 0, #3 = arctanxoxT 1 , u; = fx? + if 


u • 


Fb 


9 = 


|xi|~ , ^0 = a 1 In ^1 , #1 = #3 = 0, = x 2 x|f 1 , 


a > 0; 


F e 


9 = 


l^ri o = iln|77r 1 |, ^i = ^3 = 0, 






UJ = 


(1 - ck) In I77I + (1 + a)ln|£|, a > 0; 




F 7 


9 = 


\x 2 \- k ,0o = «- 1 ln|x 2 |,^ 1 = 3 = 0,uj = lellxsl 1 -", 


a > 0; 


F 8 


9 = 


9 = Un\ V \, 0, = 3 = O, 






UJ = 


Z-(-iym\ v \, j = 1,2; 




F 9 


9 = 


|x 2 |- fc , 6> = ln|x 2 |, ^ = 03 = 0, 






UJ = 


£-2(-iy'ln|x 2 |, j = 1,2; 




F\o 


9 = 


\xi\~ k , 0o = In |t7X 2 1 |, 0i = 03 = O, uj = £77x2 2 ; 




F n 


9 = 


l^l -1 , #o = -hi£x 2 1 , ^1 = ^3 = 0, = x 2 x^" 1 


J 


F\2 


9 = 


(x 2 + x 2 )~2 ; = — aarctanx 2 x 1 ^ 1 , 6 1 ! = 0, 





#3 = arctanx 2 x 1 , uj = ln(x 2 + x 2 ) + 2/3arctanx 2 x 1 1 , 



a^0, /3>0; 
F 13 : = 1^1"*, 0o = -\^\rir\ 01 = 0, 

3 = ~ In l^r 1 !, w = (a - (3) In M + (a + 0) In |f |, 
2a 

a^0, /3>0; 

F 14 : 9 = \n\-*, Q = l -\n\r,\, 9 1 = 0, 9 3 = ~ln\ V \, uj = £ - \n \ V \; 

F15 : # = (x 2 + x 2 )~2 ; 9 Q = — a arctanx 2 x|f 1 , 9i = 0, 

#3 = arctanx 2 x]" 1 , a; = ln(x 2 + x 2 )£ -2 + 2a arctanx^] -1 , a^0; 

F ie : ^ = (x 2 + x 2 )"i ^ = lln(a; 2 + x 2 )r 2 , ^1 = 0, 

#3 = arctanx 2 x^ 1 , uj = ln(x 2 + x^) 1-0 ^ 20 + 2/3 arctanx 2 x 1 ^ 1 , 
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< \a\ < 1,0 > 0, \a\ + \/3\ ^ 0; 
7 i 7 : = (x\ + x\)~z , ^o=2 m ( x i + ^2)5 ^1 = 0) $3 = arctana^x^ 1 , 

u; = ^ — (— 1) J ln(a;^ + X2) + 2a arctan^x^ -1 , a E R, j — 1,2; 
^i 8 : = (x 2 + x 2 )~i O = -ln^ + x 2 ,), 01 = 0, 

#3 = arctanx2X^ 1 , = £ + 2(— l)- 7 arctana^x^f 1 , j = 1,2; 
? 19 : = (x 2 + x 2 rl 9 = ~hi\^7 1 - 1 \, 9 1 = 0, 

3 = arctana;2Xj~ 1 , u = [x\ + a^X^)" > 

la l 
03 = 0, a;=|erie^-^r _Q , 0<M<1; 

? 21 : = |x 1 -(_l)^x 2 |-*, o = ln|x 1 -(-lfe 2 |, 9 l = -t^x 2 , 
03 = 0, cu = £, J = 1,2; 
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23 
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03 = 0, cu = r ? -x?r 1 + (-l) i ln|e|, J = 1,2; 
^=|x 2 |- fc , o = ^ln|x 2 |, 0i = -^-C X , 
03 = 0, cu = (e 2 -4(-iy'x 1 )x2 1 , J = 1,2; 

9=\e-A{-\y Xl \-\ o = iln|e 2 -4(-iy|x 1 |, 1 = -t^e, 

3 = 0, uj = (77 - (-l) j x 1 C + k 3 ) 2 (^ 2 - 4(-l)^ 1 )- 3 , j = 1, 2. 

o 

i/ere zs an arbitrarily fixed constant (the conformal degree of the algebra 
c(l, 3)), £ = x - x 3 , rj = x + x 3 . 

2.3.3 C(l, 3)-invariant ansatzes 

To obtain the full description of conformally-invariant ansatzes it suffices to 
consider the subalgebras Cj, (j — 1,2, ... , 14) listed in Assertion 12.31 

The preliminary analysis of these subalgebras shows that we can put 04 = 
5 = fl = /« = 0, (a = 1, 2, 3) for the subalgebras C h (j = 1, 2, . . . , 10). As 
a result, system (j2.35j) corresponding to these subalgebras takes the following 
form: 

Cfj, ^9 = <90p _ tM^3 _ , a 

r)0 1 r)0 1 
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where a = 1, 2, 3. 

Thus the problem of constructing ansatzes invariant under the subalge- 
bras Cj, (j = 1,2, ... , 10) is again reduced to solving linear first-order par- 
tial differential equations. However, for the remaining subalgebras Cj, (j = 
11, 12, 13, 14) system ()2.35|) is not linear. It has been solved for the case 
of the spinor field in (221- The obtained expressions for the functions are 
so cumbersome that they prove to be useless within the context of symme- 
try reduction of the conformally-invariant nonlinear Dirac equation. By this 
reason, we do not give here the ansatzes corresponding to the subalgebras 
Cj, (j = 11, 12, 13, 14). 

Assertion 2.7 Each subalgebra Cj, (j — 1,2, ... , 10) from the list given in 
Assertion \2. yields invariant ansatz \2. 18\) with 

A- 1 = H = exp{(-lnfl)£}exp(#oSo 3 ) exp(-9 3 S 12 ) exp(-20 lJ ff 1 ) 
xexp(-29 2 H 2 ). 

What is more, the functions 9 = 9(x , x), 9^ = 9^(x , x), (fi = 0, 1, 2, 3), to = 
a;(xo,x) are given by one of the corresponding formulae below. 

Ct : e = (l + eyK flo = ~ln(l + e a ), 

ox = -\{x 2 + ^o(i + er\ d 2 = \{x x - ^ 2 )(i + er\ 

6*3 = — arctan£, u = (x% — x 2 ^)(l + £ 2 ) -1 ; 
C 2 : 6 = (1 + £*)-*, 0o = -^ln(l + £ 2 ), 

9i = -\(X2 + xiO(i + o 2 = - x 2 o(i + er\ 

9 3 = — arctan£, = (x 2 + Xi£)(l + £ 2 ) -1 — arctan£; 
C 3 : = (l + e a )-4, ^ = _Iln(l + a, 

«i = -i^ea + e 2 r\ ^ = -^ 2 e(i + e 2 r\ 

6> 3 = arctanx2x]" 1 , u — (1 + £ 2 )(£i + x 2 )) -1 ; 
C 4 : 0=| Xl |- fc , 6> = In - ln(l + ^ 2 ), 

9 3 = 0, u; = a^x^ 1 ; 

c 5 : e = {{x\+xi){i+e)rK 9 Q = l -Hx\+xi){i+er\ 
0i = -\xx^i + er\ o 2 = - l -x 2 a\ + er\ 

9 3 = arctano^a;! -1 , w = arctana^x] -1 + aarctan£, 
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c 6 : o = [{x 1 -x 2 z) 2 (i+e)- 1 ]-*, e ° = \h(xi - ^o 2 (i + en 
ei = -\{X2 + xxO(i + er 1 , 02 = \(x 1 - x 2 o(i + er\ 

9 3 = — arctan£, u = a arctan£ — ln[(xi — x 2 £)(l + 'C 2 )" 1 ]) 
C 7 : fl = [(xi-x 2 2 (l + e 2 )- 1 ]" 4 . ^o = iln[(^i-^0 2 (l + a~ 3 ], 

«i = -\(*2 + + e 2 r\ ^ = ^(xi - x 2 o(i + a -1 , 

#3 = — arctan£, 

u = [77(1 + £ 2 ) 2 - 2x 1 (x 2 + xiO - £(a& 2 - - ^ 2 ]- 2 - £; 

C 8 : fl = (x? + ^)-4, ^o = ^ln[(x 2 + ^)(l + e 2 )" 2 ], 

fi = + er\ o 2 = - l - X2 ai + er\ 

9 3 = arctana^rrjf 1 , 

uj = \n(x\ + x\)(l + ^ 2 ) _1 + 2aaictanx 2 x^ 1 — 2/3arctan£, 
a,peR, \a\ + \P\^0; 

C 9 : = (x? + xl)-4, 9 = I \n{x\ + x 2 2 ) - ln(l + £ 2 ), 

0i = -^(1 + a -1 , ^ = -^(1 + e 2 r\ 

# 3 = arctanx 2 a;]" 1 , a; = 77(1 + £ 2 )(x 2 + a; 2 ) -1 — £; 
C10 : = (a; 2 + a; 2 )-i # = -7^ hi(a; 2 + x 2 ), 

6»i = -\<c x ri[x\ + X2)" 1 , 6> 2 = -^x 2 i](xl + x 2 )~\ 
63 = 0, a; = x 2 x~{ x . 

7/ere fc zs an arbitrarily fixed constant (the conformal degree of the algebra 
c(l, 3)y, £ = x - x 3 , f] = x + x 3 . 

3 Exact solutions of the Yang-Mills equations 

In this section we apply the above described technique in order to perform 
in-depth analysis of the problems of symmetry reduction and construction 
of exact invariant solutions of the £77(2) Yang-Mills equations in the (1+3) 
dimensional Minkowski space of independent variables. Since the general 
method to be used relies heavily upon symmetry properties of the equations 
under study, we will review briefly the group-theoretical properties of the 
£77(2) Yang-Mills equations. 
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3.1 Symmetry properties of the Yang-Mills equations 

The classical Yang-Mills equations of SU(2) gauge theory in the Minkowski 
space-time R 1 ' 3 form the system of twelve nonlinear second-order partial 
differential equations of the form 

d u d v A^ - d"d v A„ + e[(d u A u ) x A M - 2{d v A fX ) x A u (3.1) 
+(d^A u ) x A"] + e 2 A„ x [A v x A M ) = 0. 

Hereafter in this section, the indices /x, u, a, j3, 7, 5, a take the values 0, 1, 2, 3; 
dfi = d Xfi = rising and lowering the indices is performed with the use 
of the metric tensor g^ v of the Minkowski space and the summation con- 
vention over the repeated indices is used. Furthermore, A M = A M (s ,x) = 
(A^(xo, x), A^xo, x), A^xo, x)) T is the vector-potential of the Yang-Mills 
field (for brevity it is called in the sequel the Yang-Mills field) and e is the 
gauge coupling constant. 

The maximal symmetry group admitted by equations (J3.1)) is the group 
C(l,3) (g> SU(2) [T7], where C(l,3) is the 15-parameter conformal group 
generated by the following vector fields: 



p, 


= d Xlt , 






J {IV 


= x»d Xv 


-x v d Xll +A a »d A «-dA av d Ap 




D 






(3.2) 




= 2x»D 


- {x v x v )d Xii + 2A a »x v d A a - 2A a v x v d A a 





and SU(2) is the infinite-parameter unitary gauge transformation group hav- 
ing the generator 

Q = (e abc A b y(x ,x) +e~ 1 d x ^ a (x ,x)) d A% . (3.3) 

In formulae (|3.2j) . ()3.3|) . d A a = u c (xo,x.) stand for arbitrary real func- 
tions, a,b,c = 1,2,3 and e a b c is the anti-symmetric third-order tensor with 
£123 — 1- 

It is not difficult to check that vector fields ()3.2j) can be rewritten in the 
form ()2.11j) if we put 



/ 


-/ 





o\ 




/ 





-/ 


o\ 


-/ 











1 Sq2 — 


























-I 











V 








0/ 












0/ 


/ 








-A 




(° 








o\ 
















; Sj.2 = 








-/ 






















/ 










W 








J 












0/ 





(3.4) 
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/O \ 

0-7 ' 
\0 I / 

where and I are the zero and unit 3x3 matrices, correspondingly. Next, 
we choose the matrix E to be the 12 x 12 unit matrix and the conformal 
degree k of the algebra c(l, 3) to be equal to 1. 

One of the important applications of the symmetry admitted by the Yang- 
Mills equations is a possibility of getting new exact solutions with the help 
of the solution generation formulae. This method is based upon the fact that 
the symmetry group maps the set of solutions of an equation admitting this 
group into itself. We give the corresponding formulae without proof (see, 
[HI Ell EH! for further details). 

Assertion 3.1 Let 

xt = /i(x,u,r), z = l,2,...,p, 
% = 0i( x »u,r), j = l,2,...,g, 

where r = (tl, tz, ■ ■ ■ , T r ), be the r -parameter invariance group admitted by 
a system of partial differential equations and Uj(x), j = l,2,...,q be a 
particular solution of the latter. Then the q-component function u(x) = 
(w 1 (a;), . . . ,u q (x)), defined in implicit way by the formulae 

Uj(f(x,u,T)) = gj(x, u,t) 

with f = ...,/ p ), j = 1,2, ...,<?, is also a solution of the system in 
question. 

In order to be able to take advantage of Assertion 13. 1[ we need the for- 
mulae for the final transformations generated by the basis operators (|3.2|) . 
f)3.3p of the Lie algebra of the group (7(1, 3) ®SU(2). We give these formulae 
following 012]]. 

1) the translation group (the generator is X = t m P m ) 

2) the Lorentz group 0(1,3) 

(a) the rotation group (the generator is X = rJ a b) 

Xq = Xq, = *^C5 C 7^ (2, C 7^ 6, 

x a = x a cos t + Xb sin r, 
Xf, cos r — x a sin r, 

A: = c a, c ^ b, 

A d a cos r + sin r, 
cost - A d a sinr; 



5 



13 



/0 \ 

-7 



\0 1 / 



5. 
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X 6 = 

X = 

* = 

* = 
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(b) the Lorentz transformations (the generator is X = rJ 0a ) 

Xo = xo cosh t + x a sinh r, 

%a = x a cosh t + Xq sinh r, 

A^ = A d cosh t + A d a sinh r, 

A d a = A d a cosh t + A d sinh r, 

s b = x b , A d b = A d , bj£ a; 

3) the scale transformation group (the generator is X = tD) 

Xjj, = x^ e , A^ — A^e 

4) the group of conformal transformations (the generation is X = t^K^) 

X ^ {x n T^X U X )(7 (Xq,X^ ; 

\ = [9^uO-(x , x) + 2(x li T v - X V T^ 

I Ot" qf'^ T ' I ' I ' I ' ^ ^ T~ T~ T~ 1~ ®~ I ' 1 /\^"^ 

5) the gauge transformation group (the generator is X = Q) 

A d cos u + e dhc A\n c sin u + 2n d n b A b l sin 2 - 
+e~ 1 [-n d d Xll uj + ~{d X)J n d ) sin^ + e dbc {d Xli n b )n c }. 

In the above formulae a(xo,yi) = 1 — r a r a + (r a T a )(x/3X^), n a = n a (xo,x) 
are the components of the unit vector given by the relations u) a (xo,x.) = 
ui(x , x)n a (x , x) with a, b,c,d — 1, 2, 3. 

Using Assertion ^. 11 it is not difficult to derive the formulae for generating 
solutions of the Yang-Mills equations by the above enumerated transforma- 
tion groups. We give these following 

1) the translation group 

Al(x) = u«(x + t); 

2) the Lorentz group 

= a iJ, u o( ax J bx-, cx, dx) + b^u d (ax, bx, cx, dx) 
+c^u d (ax, bx, cx, dx) + d^u d (ax, bx, cx, dx); 



A d - 
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3) the scale transformation group 

Aj(z)=e^(sO; 

4) the group of conformal transformations 

A t( x ) = [d^u^ix) + 2a~ 2 (x)(x tl T u - x v t^ + 2r a x a r IM x u 

-X^T^Ty - T a T a X^X v )\u dV [{x - T(x a X a ))(J~ l (x)). 

5) the gauge transformation group 

A d (x) = u d cos lu + edbcU h ^n c sin u + 2n d n b u b l sin 2 ^ 

+ e - 1 [^n d d x ^uj + -{d Xfi n d ) sinw + e dbc {d x ^n b )n c }. 

Here w^(x)is an arbitrary particular solution of the Yang-Mills equations; x = 
(xo,x); t, r M are arbitrary parameters; a M , 6^, c^, are arbitrary constants 
satisfying the relations 

= -b^ = -c^ = -d^ = 1, 

= a/ = a/ = &/ = 6/ = c/ = 0. (3.5) 
In addition, we use the following notations: 

x + r = {x M + r M , // = 0, 1, 2, 3}, 

CLOC — 0/ j^OC . — jj^OC • COC — C jj^tjC . doo — d ^OC • 

Thus, using the solution generation formulae enables extending a single 
solution of the Yang-Mills equations to a multi-parameter family of exact 
solutions. 

Let us also discuss briefly the discrete symmetries of equations (j3.1J) . It is 
straightforward to check that the Yang-Mills equations admit the following 
groups of discrete transformations: 

^2 : xo = -x Q , xi = -Xi,x 2 = x 2 , x 3 = x 3 , 

A = A , Ai = -A 1; A 2 = A 2 , A 3 = A 3 ; 

^ 3 : x Q = -x , Xi = xt,x 2 = -x 2 , x 3 = -x 3 , 

A = -A , M = A x , A 2 = A 2 , A 3 = -A 3 . 

Action of these transformation groups on the basis elements (|3.2j) of the 
symmetry algebra admitted by equations (j3.1|) is described in Table 3.1, 
where G m = J 0m - J m3 , (m = 1, 2), M = P + P 3 , T=\(P - P 3 ). 
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While classifying the subalgebras of the algebras p(l, 3) and p(l, 3) of 
the rank 3 we have exploited the discrete symmetries $ a given in Table 
2.1. Comparing Tables 2.1 and 3.1 we see that the actions of the discrete 
symmetries $ a and \I/ a on the operators P M , J M1/ , D give identical results, 
namely, 

^aPfj, ^aPjxi ^aJfj,u ^aJ/ii/i a-D 

for all a = 1,2,3. This fact makes it possible to use the discrete symmetries 
in order to simplify the forms of the basis operators of subalgebras of the 
algebras p(l, 3), p(l, 3). 

Table 3.1. Discrete symmetries of equations ()3.1|) 



Generators 


Action of ^ a 


*i 




^3 


Po 


-Po 


Po 


-Po 


Pi 


-Pi 


-Pi 


Pi 


Pk (k = 2, 3) 


-Pk 


Pk 


-Pk 




Jo3 


Jo3 


Jo3 


Jl2 


Jl2 


~Jl2 


~Jl2 


Gi 


G\ 


-G x 


-Gx 


G 2 


G 2 


G 2 


G 2 


M 


-M 


M 


-M 


T 


-T 


T 


-T 


D 


D 


D 


D 


K 


-K 


K 


-K 


Kt 


-K x 


-K x 


Kx 


K m (m = 2, 3) 


—K 


K 


—K 



3.2 Ansatzes for the Yang-Mills field 

Conformally-invariant ansatzes for the Yang-Mills field, that reduce equa- 
tions (|3.1j) to systems of ordinary differential equations, can be represented 
in the linear form 

A At (x ,x) = A^B^u), (3.6) 

where A^ u = A Mi/ (xo,x) are some fixed non-singular 3x3 matrices and 
B u {uj) = (Bl(u), B%(u) , B%(u)) T are new unknown vector functions of the 
new independent variable u = u(xq,x). In the sequel, we will denote the 
12 x 12 matrix having the matrix entries A^ v as A. 

Due to the space limitations, we restrict our considerations to the ansatzes 
invariant under the subalgebras of the Poincare algebra. Let us note that 
the case of the extended Poincare algebra is handled in 
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The structure of the matrix A for the case of arbitrary vector field is 
described in Assertion 12.51 Adapting the formula for A to the case in hand, 
we have 

A = exp(29 1 H 1 ) exp(20 2 # 2 ) exp(-9 S 03 ) exp(9 3 S 12 ), 

where M = 9^(xo,x.) are some real- valued functions, Hi = S i — Si 3 ,H 2 = 
So 2 — S 23 and S^ u are matrices (|3.4|) . that realize the matrix representation 
of the Lie algebra o(l, 3) of the Lorentz group 0(1, 3). 

Computing the exponents with the help of the Campbell-Hausdorff for- 
mula yields 

/[cosh0 o + $] -2[*i] 2[* 2 ] [sinh0 o -$]\ 
A= [-29 ie - e «] [cos0 3 ] [-sin0 3 ] [29^] 
l-29 2 e- 9a ] [sin0 3 ] [cos0 3 ] [29^] 
\[sinh0 o + $] -2[*i] 2[tf 2 ] [cosh 0o + $]/ 

where $ = 2(0? + 9^)e~ e °, = 9 1 cos 3 + 9 2 sin 9 3 , ^ 2 = 9 X sin 9 3 - 9 2 cos 9 3 
and the symbol [/] stands for fl, I being the unit 3x3 matrix. 

Inserting the obtained expression for the matrix A into (|3.6|) yields the 
final form of the Poincare-invariant ansatz for the Yang-Mills field 

A = cosh O B O + sinh0 o B 3 - 2(9 1 cos 9 3 + 9 2 sin 9 3 )B 1 

+2(9! sin 9 3 - 9 2 cos0 3 )B 2 + 2[9\ + 0f)e _0 °(B o - B 3 ), 
Ax = cos03Bi-sin03B 2 -20ie~ 0o (Bo-B 3 ), (3.7) 
A 2 = sin03B 1 + cos03B 2 - 20 2 e-^(B o -B 3 ), 
A 3 = sinh0 o B o + cosh0 o B 3 - 2(0! cos0 3 + 2 sin0 3 )Bi 

+2(0! sin 3 - 2 cos0 3 )B 2 + 2(02 + 2 2 )e"^(Bo - B 3 ), 

where B M = B jtt (o') and the forms of the functions M , u are given in Assertion 
1231 

Inserting ()3.7|) into f|3. lj) yields a system of ordinary differential equations 
for the functions B^iou). If we will succeed in constructing its general or 
particular solution, then substituting it into (|3.7|) gives an exact solution of 
the Yang- Mills equations (|3.1|) . However, the so constructed solution will 
have an unpleasant feature of being asymmetric in the variables x^, while 
equations ()3.1|) are symmetric in these. 

To get exact solutions, that are symmetric in all the variables, we exploit 
the formulae for generating solutions by Lorentz transformations (see, the 
previous subsection) and thus come to the following general form of the 
Pojncare-invariant ansatz: 

A M (x) = a^(x)B v (u), (3.8) 
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where 

a fiu(%) = {a>n a v ~ d^dv) cosh 9 + (d p a v — e^a^) sinh 9 

+2(a fl + dn) [(61 cos 3 + 2 sin 3 )b u + (9 2 cos 3 - X sin 3 )c u 
+ (0\ + 2 2 )e~ e °(a v + d v )\ + (& M c„ - b uCfl ) sin # 3 (3.9) 
-(c^Cj, + 6^) cos6> 3 - 2e~ e °(0 1 b fl + 2 c fl )(a u + dj,). 

Here fx, v — 0,1,2,3; x = (x ,x) and a^,b^,c^,d^ are arbitrary parameters 
that satisfy relations ([3.5)1 . Thus, we have represented Poincare- invariant 
ansatzes ([3.7)1 in the explicitly covariant form. 

Before giving the corresponding forms of the functions 9^, to for the above 
ansatz, we remind that using the discrete symmetries $ a , (a = 1, 2, 3) enables 
simplifying the forms of the subalgebras of the algebra p(l,3). Namely, 
at the expense of these symmetries we can put j = 2 in the subalgebras 
L\, (i = 10,11,13,17). Consequently, for the corresponding ansatzes we 
have (— iy = 1. With this remark the forms of the functions 9^,0), defining 
ansatzes ([3.8)1 . f|3.9|) invariant with respect to subalgebras from Assertion EHJ 



read as 








Li 






0, uj — dx; 




L 2 






0, uj — ax; 




L 3 


% 




0, to — kx; 




L, 


9 




— In for , 0\ = 2 = 0, 6> 3 = alnfoc, uj = (ax) 2 — 


(dx) 2 ; 


U 


9o 




— In for , 0\ = 2 = 9 3 = 0, to — cx; 




L 6 


9o 




—bx, 0i = 2 = 3 = 0, to — cx; 




L 7 


9o 




— bx, 0\ = 2 = 6*3 = 0, uj = bx — ln \ kx ; 




L 8 


0o 




a arctan(6a;(ca;) _1 ), 0\ = 2 = 0, 






03 




— arctan(6a;(ca;)~ 1 ), uj = (bx) 2 + (cx) 2 ; 




U 


0o 




0\ = 02 = 0, #3 = —ax, uj = dx; 




Lio 


0o 




0i = 2 = 0, 3 = dx, uj = ax; 




L n 


00 




1 

0\ = 03 = 0, 2 = —-kx, uj = ax — dx; 




L\ 2 


0o 




0, 0\ = -(bx — acx)(kx)~ 1 , 2 = 3 = 0, uj — kx; 




L\3 


0o 




02 = 03 = 0, 0\ = -cx, uj = kx; 




Lu 


0o 




I 

9 2 = 3 = 0, 0i = -~kx, uj = Abx + (kx) 2 ; 






0o 




02 = 03 = 0, 9\ = —^k,x, uj = A(abx — cx) + a(kx) 2 






0o 




— In foe , #1 = #2 = 0, #3 = — arctan(6x(cx) _1 ), 


(3.10) 
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u = (bx) 2 + (cx) 2 ; 
L17 '■ = 3 = 0, Q\ = -^{cx + (a + kx)bx){l + kx(a + kx))^ 1 , 

2 = —-(bx — cx ■ kx)(l + kx(a + kx))' 1 , u> = kx; 

Lis '■ = —\n\kx\, 6>i = -bx(kx)' 1 , 

2 = 3 = 0, uj = (ax) 2 - (bx) 2 - (dx) 2 ; 
L 19 : = — In \kx\, 0\ = -bx(kx)' 1 , O2 = 3 = 0, u = cx; 

L 2 o '■ 0o = —ln\kx\, Q\ = -bx(kx)~ 1 , 

02 = 3 = 0, uj = In \kx\ — cx; 

L21 '■ 9o = —\n\kx\, 9\ = -(bx — \n\kx\)(kx)^ 1 , 

$2 = #3 = 0, u = a In \kx\ — cx; 
L22 '■ = — In \kx\, Q\ = — -bx(kx)' 1 , 6 2 = — -cx(kx)' 1 , 

3 = aln \kx\, uj = (ax) 2 — (bx) 2 — (cx) 2 — (dx) 2 . 

As earlier, we use the short-hand notations for the scalar product in the 
Minkowski space: 

cxx — Ob pjx ■ bx — b ^ x . cx — c ■ x ■ dx — d ^x . 

and what is more, kx = ax + dx. 



3.3 Symmetry reduction of the Yang-Mills equations 

Ansatzes (j3.8|) - (|3.1U)) are given in the explicitly covariant form. This fact 
enables us to perform symmetry reduction of equations (J3.1)) in a unified 
way. First of all, we give without derivation three important identities for 
the tensor a^ (see, e.g., [35] ) 

a J a JU = g^, (3.11) 



a 



6 



d0 

+2e- e °[(k^K ~ fc„& M ) cos 3 - (Kc v - Key) sin^Tr 1 (3.12) 



5 



dx 
dO 

+2e~ e °[(k^b u - k v b^) sin0 3 + (k^c v - k v c^ cos0 3 ]— - 

OXs 

a^Ua^ = (a^ay - ~ ( a ^ v ~ a v d^)O9 
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+2e- fl °fc /1 & l/ [TO cos ^3 + (092) sm6 3 - 2-±-^- sin 6 3 



<9x 7 dx 1 



an an 

+2 d^dx^ COs63] + 2e ^° V^TO cos ^ " TO sin^ 3 

- 2 ^^4 COS0 3 -2-^--4sin^ +4e- 20o A;^ 3.13 
cte 7 ax 7 ax 7 ax 7 

<9x 7 <9x 7 <9x 7 dx 1 M M <9x 7 cte 7 

Hereafter, we denote the derivatives of the functions in one variable uj by 
the dots over the symbols of the functions, for example, 

<£ J- f£ j 

duj ' duj 2 



Assertion 3.2 Let ansatz \3. &)) reduce system \3. 1)) to a system of second- 
order ordinary differential equations. Then the reduced system is necessarily 
of the form 



fc M7 B 7 + Z M7 B 7 + m M7 B 7 + eg^W x B 7 (3. 14) 

+eh^B u x B 7 + e 2 B 7 x (B 7 x B M ) = 0, 

its coefficients being given by the relations 



A^ 7 Qfj/yFi G^Gj) Z^ 7 g^F'i -\- 2(S^ 7 G^H^ (j^G 7 , 
irifjfy G^H~p, 9 [ivy 9fi"/G u -\- 9v*yG ^ 2g^ v G^, (3.15) 

where F\, F 2 , G M , H^, S^ u , R pi/ , T^ 7 are functions of uj presented below, 
duj duj duj 

OX^OX^ <7£ 7 

^ = ^f' ^ = ^^|?' R^ = alDa lu , (3.16) 

Proof. Inserting ansatz ()3.8|) into equation (|3.1|) and performing some sim- 
plifications yield the following identities: 

<9V 



□A„-^AJ=(n a „-^)B^ 



dx^dxy- 
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ctej, da;" m dx u dx^ dx^ dx v 

- a — )b 7 I (a ——-a — — ^B 7 - 

U1 dx v dx^ V ^ dx v dx v ul dx u dx^ L ) 

{d v A v ) x A M - 2(^A M ) x A u + (d"A„) x A" 

= (a -^f - 2 Ttef a - + ^< )Ba x B7 (3 - 18) 

A, x (A" x A„) = o^tf x (B a x B 7 ). (3.19) 



Here a, (3 = 0,1,2,3. 

Convoluting the left- and right-hand sides of the obtained expressions 
with and taking into account (|3.11|) yield 

a»A v x (A" x A„) = a^a^a^ x (B Q x B 7 ) 
= gpagsyBf* x (B Q x B 7 ) = B a x (B a x B a ). 

Consequently, convoluting (|3.17j) and (|3.18|) with we get the equalities 
such that their right-hand sides are linear combinations of B 7 , B 7 , B 7 , B a x 
B 7 , B a x B 7 . And furthermore, the coefficients of these combinations are 
the functions of u only. Consider first equality (|3.17|) . The coefficients of 
B 7 , B 7 , B 7 read as 

B 7 : <(^)a M7 -<^- = F 57 M; (3.20) 
^<9a M7 du da^ du 



B7 : H-^J& + 9*,{W 



u — a 



dx,. dx v ' ^ 01 ^" u " 1 "' s Q x Q x v 



'V 



da vl du d 2 u 

- a ^dx~ v ~ a ^dx~d^ = Gs ^ )] (3 ' 21) 
- du du u du du 

■ 9s ^^- a ^dx-dx^ = Hs ^ ) - (3 ' 22) 

Turn now to coefficient ()3.22|) . Convoluting the function H^{u) with the 
metric tensor g &1 = g$ y yields that 

c du du c du du du du du du 

g <H 5y (u) = 4—— - a^a,—— = 4—— - 9fa/ 



dx v dx v v dx v dx^ dx v dx v dx v dx^ 

, du du du du du du 
4^^7 - -r^^r-. = 3- 



dx u dx v dx u dx v dx v dx v 
Hence we get that J!jr~ is the function of u only 

du du 



F ^ (3 ' 23) 
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Therefore, 



whence 



duj duj 
dx v dx^ 



duj duj 



duo 
^ 6 dx„ 



dx u 1/7 dx v 



G 5 (uj) 



H Sl {u). 



In view of (I3.23|) . ()3.24j) we get the equality 

Hs-y(uj) = gs-yFi — GsG-f. 

Thus the function Hg-f(u) coincides with from (j3.15j) . 
Convoluting (|3.21j) with the metric tensor g Sl gives 



g 5l G 



5-f 



-<V<5 



5 dx v dx 
dcu da 5 ,, da 5 ,, dco 



dx^ dx y 



dx v dx. 



a fl $a l 



d 2 u 
dx^dxv 



Now using ()3.11|) we ensure that the relation 



(3.24) 



(3.25) 



5 dx„ 



1 d 



2dx, 



1 d p 
2dxS^ 



(3.26) 



as well as the relation 



d 



duj 
dx^\ 



_ da^ & s duj 



da 5 , duj 



d 2 u 



dx u . 

hold true. Owing to the fact that 



- — /xo a — - -~u — 

dx v dx^ dx v dx^ dx^dx v 



da 



'"V 



duj 

dx u ™ v dx^ 
we make sure that the relation 



da^s s duJ 
dx„ u dx,, 



da 6 dco 

■7; — a-vST; — 
dx,, dx„ 



= a 



'/J.S 



dal duj 



is valid, whence 



did da 5 v 
dx u dx v 



da 5 duj d 



^ ^dXydXy 

d 2 u d 



dx^dx L 



dx, 



g^ 



dx v 
duj 
dx„ 



a^a L 



-gp,v 



dco 

d 2 LU 

dx u dx u 



(3.27) 



0. 
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With account of ()3~27))) and ()3~27l) we get that 

g^G^u) = 4(Du; - 9^q^- = 3Qo. 
Consequently, the relation 

□w = F 2 (cj) (3.28) 

holds. 

Next, making sure that the equalities 

da vl duj d 2 io d , duj . 



dx^ dx v dxydx^ dx^ dx v 



hold and taking into account ()3.21|) yield 



Now, convoluting (J3.29)) with g^ u , we have 
or, equivalently, 



^ = ""«">■ = < 33 °> 

With account of (HOD . (^001) . we get that the coefficient of B 7 

in the reduced system (I3.14j) coincides with l m (|3.15|) . 
Finally, from the relation 

d^a (da \ d 

a » s dxjk = a ^\-dk) = a ^dx-} H ^ )] = G 'M H ^> 

with account of ()3.2()|1 it follows that 

a^Ua^ = Rs y (uj). 

Consequently, the function in the right-hand side of ()3.20|) coincides with 
m M7 from ()3.15j ). 

Analysis of 1)3.18)1 is carried out in the same way (we do not present here 
the corresponding calculations). The assertion is proved. 

Thanks to the above assertion, the problem of symmetry reduction of 
the Yang-Mills equations by the subalgebras of the algebra p(l, 3) reduces to 
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routine substitution of the corresponding expressions for a^ ui uj into (|3.16|) . 
We give below the final forms of the coefficients (J3.15)) of the reduced system 
of ordinary differential equations (j3.14|) for each of the subalgebras of the 
algebra p(l, 3): 

9fivy 9fi"fdii ~\~ 9wyd^ 2,g ^dry j h^ u ^ 0, 

9pwy 9^,'yO'V ~\~ fjiyy&fi ^fJfivQ'ji h[ivy 0, 
L3 ■ k^k^j Ijjfy TYlpy 0, 

9/j.vy 9y^ky ~\~ 9v"/k^ 2g ^ u k^ ^ h^ u ^ 0, 
L 4 : k^ = Ag^uj - a^a^uj + l) 2 - d^d^uj - l) 2 
— (a M <i 7 + a 7 GL)(u; 2 — 1), 



1 7 

= 4(^ 7 + a(b^Cj - c A1 6 7 )) - 2& (U (a 7 - d 7 + k^u), 
m M7 = 0, 

9 tan = e (9^i a u ~d u + k v u) + g ul (a^ - d^ + k^u) 
-2g IMU (a 1 - cf 7 + k 7 uj)), 

h^wy = Tp\9ii~ik v — g^ukf] + «e[(6 /J c l/ — c^by)k^ 

-\-(b u Cy c u b^)k^ + (& 7 c^ c^b^kyW 

hfii/f ^i.9iJ.yku 9^fk^)i 

kfXry 9^ C^jC 7 , l^ry 0, 

TTifj/y {ci^d^ d^d^, g^uy g^i^v ~\~ gwfC^ 2g^ ll ,Cy, 
h '/wy [(^/i^zv ^yd^jby ~t~ [(ludy a^dijjb^ 

-\-{ojryd^i ci^c/ 7 )6^], 
kfij = ~g^ ~ (pn ~ tk^e )(6 7 — efc 7 e ), 
l/jrf = 2(g^c? 7 ci^dfj) + ee (b^ ak^e )fc 7 , 

9^-r = g m (b u - ek^) + g U y{b^ - ek^) 

^9[j.v(b-y efc 7 6 ), h^ U y = ^{ci^dy a u d^jb^ 
+ (a v d~ i — a^d u )bfj, + (a 7 d M — a^d^bu]; 
k^i-y 4cu((y'^ t7 -|- c^c 7 ), l^y 4((^ 7 -|- c^c 7 ), 

m M7 = (a 2 (a Ai a 7 - d M d 7 ) + 6 M 6 7 ), 

5^7 = 2\^uj(gnyC u + g^yC^ — 2g liv c 1 ), 
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no 



1 a 
h^iv-y ~ i = \9p~yCv QfiuC'y) H j= ((o pd v d v d^)h^ 

+ {a v d 1 — d^a^b^ + (a^d^ — a^d y )b u ); 

kfj,-y 9p~i d^dry^ l^j 0, 

b^b.y -\- c^c^ 7 
9pv*i Qn^dy -\- (jwydp,, 2,g^ u d.y 7 
hpv^ ^^{b^u Cpbu) ~t~ ^p^bv^^j c^& 7 ) 

kfj,-y 9p~i Q / pQ"yi I fir/ 0, 

Tn^j [bfjb^ -\- c^c 7 ), 

c v - c^K) + d/j,(b 
+d l/ {b 1 c ll - Cybp)]; (3.31) 
L\\ . iflp d^){a^ d^), l/jry 2(6^c 7 c^bj), 

m m = 0, 

9pvj = fiVy( a f dy) + 9L"y( a p d^) 1g^ v {a,^ d 7 ), 
hnvy = 2 \.(k , y(PnC l , — c^by) + k^ibyC-f — c v b^) 
~\~k u (byC^ c 7 fe^)]; 

9fiiyy 9p^k v -\- 9v^k^ Ig^yk^^ 

= -^{g^K - g^hy) + auj~ l ((k^b u - /c^)c 7 

~\~{k u by kyb^Cp + (kybp kjjby^Cv)', 

' kyry k^k*yj l^^y 0, 771 pry k pky } 

9/j.vj 9p^k v 4~ g U "jkp Ig^yk^, 

hpu"/ = {{kpb u k u bp)c^ + {k v b~i k^bp)Cp 
-\-(kjbp — kpb^Cy)] 
L\a ■ k^ = 16 ((?/i7 + 6^6 7 ), Ip-y = TTipq = h^ U j = 0, 

9/j.wy 4(g njb u + 9wybp Ig^ubry), 
Li 5 : k m = -16[(1 + a 2 )syy + (c M - afe M )(c 7 - a& 7 )], 

9 pin = -^\9pi{ c v - olK) + g vl [cp - abp) 
-2^(c 7 - a& 7 )]; 

^16 : = -k*>{9pn + c m c t)' = _4 (^7 + c m c 7) ~ ^ek^^/uj ', 
m M7 = -a; _ \& 7 , ^ 7 = 2y/uj(g lll c v + g^c^ - 2g lxl/ c 1 ), 
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cg>(c<j + a) + 1 
m w = -4fc M fc 7 (l + a; (a + co>))~ 2 , 

hpry = -(a + 2u)(g fJil k v - g^k n )(l + u{a + u;)) -1 

-2(1 + w(a> + a)) _1 ((A;^6 J/ - kvb^Oy 
~\~(k u bry k^bv^jc^ 4~ {k^b^ k^b^)Cp)\ 
as ■ k l x 1 = ^ug m -{k^u + a lJi -d ll ){k 1 u + a 1 -d 1 ), 

Z M7 = 6g M7 + 4(a M (i 7 - a 7 G^) - Zk^k^u + a M - d^), 



??? 



-k^k^, g^u-f — £(9ffy(k u u) + <ij, 



+g ul (k^uj + a M - g^) - 2g ilv {k 1 w + a 7 - d 7 )), 
L\g ■ kfjpf 5^7 c^c 7 , Z^ 7 2,€kjCf 1J ^^7 k^kj, 

9 [ivy 9fJ,"/^v 9wyCfi ^9 fivCy y hfj,wy t^fJ.'ykv 9fJ,v^'yi 

L20 '■ k^j = ^9fi-y — [Cfj, — tkfxjic-y — efc 7 ), 

£^ 7 2ak^c^ 2k^k^^ /c^/c 7 , 

Qiwy Qprj^^v c^) -|- g^i^k^ c^) 2g ^lui^k^ c 7 ), 

L21 ■ k fe y = -g IJn -{c (t -aek f j){c 1 -aek 1 ), 

9\ivy Qiirj\pv caski/J g^yc^ Q^c^/i) 

~^~'^9fii' (c 7 ttefc 7 ), h^ u .y '^-yk u g^ u kj^)j 
L22 ■ kf^ — —kt)g m — (a M - d M + k lx u){a 1 — d 1 + k^u), 

= 4[2# M7 + a(6 M c 7 - c M 6 7 ) - a M a 7 + d M d 7 - cok^], 
m /j,-y = ~2k^k^, g^wy = £\9n r y\ a i> ~ d v + fcjyCo 1 ) 
+9uj(a>n - df, + k^uj) - 2g tiv {a 1 - d 7 + fc 7 a>)), 

h^,v^ 2 ^\9^yku 9ttvk'y) €(y[k~y(b^Cv c^fe^) 
) + k v (b^c^ - c 7 6 M )]. 

In the above formulae (jH.Hlj) we have e = 1 for kx > and e = — 1 for 
kx < 0. Furthermore, a is an arbitrary parameter. 
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3.4 Exact solutions 



Clearly, efficiency of the symmetry reduction procedure is subject to our 
ability to integrate the reduced systems of ordinary differential equations. 
Since the reduced equations are nonlinear, it is not at all clear that it will 
be possible to construct their particular or general solutions. That it why, 
we devote the first part of this subsection to describing our technique for 
integrating the reduced systems of nonlinear ordinary differential equations 
(the further details can be found in [33]). 

Note that in contrast to the case of the nonlinear Dirac equation, it 
is not possible to construct the general solutions of the reduced systems 
(I3.14|) - (j3.16|) . By this very reason, we give whenever possible their particular 
solutions, obtained by reduction of systems of equations in question by the 
number of components of the dependent function. Let us emphasize that the 
miraculous efficiency of the t'Hooft's ansatz [S] for the Yang-Mills equations 
is a consequence of the fact that it reduces the system of twelve differential 
equations to a single conformally-invariant wave equation. 

Consider system (j3.14|) - (j3.16j) . that corresponds to the subalgebra L 8 . 
We adopt the following ansatz 

= a^exfiu) + d^e 2 g{uj) + b^e 3 h(uj) (3.32) 

for the vector-function B M , where f(uj), g(uj), h(uj) are new unknown smooth 
functions of to and 

ei = (1, 0, Of, e 2 = (0, 1, 0) T , e 3 = (0, 0, if. 

Now inserting ()3.32|) into (j3.14|) . where the coefficients (j3.15|) are given in 
the list (|3.31|) for the case of the subalgebra L$, we arrive at the system of 
relations 

a&l-tof -Af--f + ^gh + e\h 2 + g 2 )f] 

2/r2 r2\ 



UJ \/UJ 

a 2 2ae 



+d^e 2 [-4ug -Ag-—g- -=fh + e\h z - f z )g] 

UJ \/U) 



9rvp 

\e 3 [-Acuh -Ah + u-'h - —fg + e\g 2 - f 2 )h] = 0. 

\/UJ 



It is equivalent to the following system of three ordinary differential equa- 
tions: 

W + 4f + -f~gh- e 2 {h 2 + g 2 )f = 0, 



Irvp 

Aug + 4g + -g + ^fh- e\h 2 - f)g = 0, (3.33) 

UJ \/UJ 



9rvp 

Aujh + 4h- uj~ l h + g - e 2 (g 2 - f)h = 0. 

'UJ 



47 



So that we reduce system of twelve ordinary differential equations (|3.14j) to 
the one containing three equations only. 
Next, choosing 

B M = fc M ei/(w) + b^e 2 g(u) (3.34) 

and inserting this expression into (|3.14j) with coefficients given by formulae 
(|3.31|) for the case of the subalgebra L s under a = yield the system of two 
ordinary differential equations 

Auf + 4/ - e 2 g 2 f = 0, Aug + Ag - u~ l g = 0. 

Note that the second equation of the above system is linear. 

In a similar way we have reduced some other systems of ordinary differen- 
tial equations ()3.14|) to systems of two or three equations. Below we list the 
substitutions for B^^) and corresponding systems of ordinary differential 
equations. Numbering of the systems below corresponds to numbering of the 
corresponding subalgebras Lj of the algebra p(l, 3). 

1. B M = a^f^u) + b^e 2 g{u) + c^e 3 h(u), 
/-eV + tf)/ = 0, g + e 2 (f 2 -h 2 )g = 0, 
h + e 2 (f 2 -g 2 )h = 0. 

2. B M = bf^fiu) + c^e 2 g(u) + d^e 3 h(u), 

f + e 2 (g 2 + h 2 )f = 0, g + e 2 (f 2 + h 2 )g = 0, 
h + e 2 (f 2 + g 2 )h = 0. 
5. B M = k^eif(uj) + bfj,e 2 g(u)), 
f-e 2 g 2 f = } g = 0. 

8.1. (a = 0) B M = k^eJiuj) + b^e 2 g(u), 

Auf + Af-e 2 g 2 f = 0, Aug + Ag - u^g = 0. 

8.2. B M = a M ei/(a;) + d^g^u) + b^e 3 h(u), 

Auf + Af-^f- 2 -^gh - e 2 (h 2 + g 2 )f = 0, 

U \/U 



Aug + Ag+-g+ 2 -^fh + e 2 (f 2 - h 2 )g = 0, 
u \ u 



2ae 

Auh + Ah- u~ l h + —;=fg + e 2 (f 2 - g 2 )h = 0. 
Ju 



14.1. B^ = a^exf{u) + d^e 2 g(u) + c^e^u), 

16/ - e 2 (/i 2 + g 2 )f = 0, I65 + e 2 (f - /i 2 )^ = 0, (3.35) 
16h + e 2 (/ 2 - g 2 )h = 0. 

14.2. B M = fe M ei/(w) + c M e 2 g(u;), 
16/-eV7 = 0, 5 = 0. 

15.1. B M = a M ei/(w) + d^e 2 g(u) + (1 + a 2 )~2 (ac M + 6 M )e 3 /i(u;), 
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lQ(l + a 2 )f-e 2 (h 2 + g 2 )f = J 
16(l + a 2 )g + e 2 (f 2 -h 2 )g = 0, 
16(1 + a 2 )h + e 2 (f ' 2 - g 2 )h = 0. 

15.2. B M = k^eJiuj) + (1 + a 2 )~i{a Cfl + b^e 2 g(uj), 

lQ(l + a 2 )f-e 2 fg 2 = 0, g = 0. 
16. B M = fc M ei/(w) + b^e 2 g(u), 

Auf + Af-e 2 g 2 f = 0, Aug + Ag - u^g = 0. 

18. B M = fe M ei/(w) + c^e 2 g{(jo), 

4wf + Qf + e 2 g 2 f = 0, 4^ + 6<? + e 2 / 2 £ = 0. 

19. B M = fe M ei/(o;) + b^e 2 g(uj), 
f-e 2 g 2 f = 0, = 0. 

20. B M = k^eJiuj) + b^e 2 g(u), 
f-e 2 g 2 f = 0, g = 0. 

21. B M = fc M ei/(w) + b^e 2 g(cu), 
/-eV/ = 0, i? = 0. 

22. (a = 0) B M = bfjfixfiu) + c^e 2 g(uj), 

Auf + 8f + e 2 g 2 f = 0, 4^ + 8<j + e 2 / 2 £ = 0. 

So, combining symmetry reduction by the number of independent vari- 
ables and direct reduction by the number of the components of the function 
to be found we have reduced the SU(2) Yang-Mills equations (j3.1|) to com- 
paratively simple systems of ordinary differential equations (|3.35|) . 

As a next step, we briefly review the procedure of integration of equations 

Choosing / = 0, g = h = u{uj) reduces system 1 to the equation 

u = eV, (3.36) 

that is integrated in terms of the elliptic functions. Note, that this equation 
has the solution that is expressed in terms of elementary functions, namely, 

u = V2(euj - C)-\ C G R. 

System 2 with f = g = h = u{uj) reduces to the equation 

u + 2eV = 0, 

that is also integrated in terms of the elliptic functions. 
Upon integrating the second equation of system 5 we get 

g = C 1 u + C 2 , Ci,C 2 GR. 
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Provided C\ ^ 0, the constant C 2 is negligible and we may put C 2 = 0. With 
this condition the first equation of system 5 reads 



/ - e 2 C>7 = 0. (3.37) 

The general solution of equation (|3.37|) . which is equivalent to the Bessel 
equation, is given by the formula 

/ = v^i(^CV 2 ). 

4 * 

Here we use the designations Z v {uS) = C 3 J u {u) + C^Y v {u), where J U) Y U are 
the Bessel functions and 6*3,64 are arbitrary constants. 

Given the condition G\ = 0, C 2 7^ 0, the general solution of the first 
equation of system 5 reads as 

/ = C 3 cosh(C2eu;) + C4 sinl^C^eu;), 

where C 3 , C4 are arbitrary real constants. 

Finally, if C\ = C 2 = 0, then the general solution of the first equation of 
system 5 is given by formula / = C 3 u + C 4 , C 3 , C 4 G R. 

Next, we integrate the second equation of system 8.1 to obtain 

where C\, C 2 are arbitrary integration constants. Inserting the function g 
into the first equation of system 8.1 yields the linear differential equation 

Wf + Auf -e 2 (C 1 uj + C 2 ) 2 f = 0. (3.38) 

For the case C\C 2 7^ 0, equation (j3.38|) is related to the Whitteker equation. 
Here we restrict our considerations to the case C\C 2 = 0, thus getting 



d^o, C 2 = 0, / 



eC 2 eC 2 

b) d = 0, C 2 ^0, f = C 3 u~ +C 4 u 

c) d=C 2 = 0, f = C 3 \nu + d, 

where C 3 , C4 are arbitrary integration constants. 

Analyzing equations 14.1 and 14.2 we arrive at the conclusion that they 
reduce to equations 1 and 5, correspondingly, if we replace e by |. Anal- 
ogously, replacing in systems 1, 5 the parameter e by | (1 + a 2 )~^ yields 
systems 15.1 and 15.2, respectively. 

Finally, system 22 with a = is reduced by the change of the dependent 
variable / = g = u{uj) to the Emden-Fauler equation 

e 2 

uu + 2ii + —v? = 0, 
4 
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that has the following particular solution u = e~ 1 uo 2. 

We have not succeeded in integrating systems of ordinary differential 
equations 8.2 and 18. Furthermore, systems 19, 20, 21 coincide with system 
5 and system 16 coincides with system 8.1. 

Inserting the obtained forms of the functions /, g, h into ()3.35|) with the 
subsequent substitution of the latter expression into the corresponding ansatz 
()3.8j) - (j3.10j) yield invariant solutions of the SU (2) Yang-Mills equations IjH.ljl . 
Note that solutions of systems 5, 8.1, 14.2, 15.2, 16, 19, 20, 21 with g = 0, 
give rise to Abelian solutions of the Yang-Mills equation, i.e., to solutions 
satisfying the additional restriction A M x A„ = 0. Such solutions are of low 
interest for physical applications and are not considered here. Below we give 
the full list of non-Abelian invariant solutions of equations (J3.1|) 

(e 2 b )l + e 3 c fM )V2(edx - A)" 1 ; 

■\/2 

(^2^ + esc^)[Xsn (—-eXdx)dn (—— e\dx)][cn —— eAdx)] -1 ; 

£i Zi £i 

(e 2 b tl + e 3 c M )A[cn (eXdx)]' 1 ; 
(etbfj, + e 2 c M + e 3 c M )Acn (eAax); 

eik^\kx\~ x \fcxZi [-eA(cx) 2 ] + e 2 6 Ai Acx; 
4 2 

eik^kx^lXi cosh(eAcx) + A 2 sinh(eAcx)] + e 2 6 M A; 
ei/c M Z [-eA((6x) 2 + (cx) 2 )] + e 2 (b^cx - c^bx)\; 

e 1 k ll [\ 1 ((bx) 2 + (cx) 2 ))f + A 2 ((6x) 2 + (cx) 2 )-^ 



1. 


A, 


2. 


A, 


3. 


A, 


4. 


A, 


5. 


A, 


6. 


A, 


7. 


A, 


8. 


A, 



A 1 

e 2 (6 M cs — c fl bx)X((bx) 2 + (cx) 2 )^ 1 ; 



1 1 e\/2 

9. A M = [e 2 (-(^ - k^kx) 2 ) + -b^kx) + e 3 c M ]Asn (-^-A(46x 

+ (A;x) 2 ))dn (^?A(46x + (A;x) 2 ))(cn (^A(46x + (kx) 2 )))- 1 ; 
8 8 

10. A^ = [e 2 (-(d M - k^kx) 2 ) + -b^kx) + e^] 



2 

xA[cn C v ~" (4bx + (kx) 2 ))} 



I , , , .,. 1 



11. A^ = [e 2 (^(<i M - k^(kx) 2 ) + ^ftpfcc) + e 3 c MJ 

x4v / 2(e(46x+ (A;x) 2 ) - A) -1 ; 

12. A^ = e^^Abx + (kx) 2 Zi(^(4bx + (fcr) 2 ) 2 ) 

4 8 

+e 2 c Ai A(46x + (A;x) 2 ); 

13. A M = eiA^A cosh(y (Abx + (kx) 2 )) (3.39) 
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+A 2 sinh(^-(4te + (kx) 2 ))) + e 2 c M A; 

14. = {e 2 (d M - ^k^(kx) 2 - ^b^kx) 
+e 3 (ac M + b^ + ]-k^kx)(l + a 2 )~z} 

xAsn (A(abx - cx) + a(/cx) 2 )(l + a 2 )~z] 

8 

xdn [^^(4(ate - cx) + a{kx) 2 ){l + a 2 )~^] 
8 

x{cn [ e ^^ ((4abx - cx) + a(kx) 2 )(l + a 2 ) - ^]} -1 ; 
8 

15. A M = {e 2 (d M - ht^kx) 2 ) - h^kx) 

+e 3 («c M + 6 M + ^V^X 1 + « 2 ) _2 ) 

x{cn [^-(4abx - cx) + a(kx) 2 (l + a 2 ) - ^]} -1 ; 

16. A^ = {e 2 (d M - ^k^(kx) 2 - ^b^kx) 

+e 3 (ac M + b^ + + a 2 )~2} 

x4v / 2(l + a 2 )^[e(4(a6a; - cx) + a(kx) 2 )]^ 1 ; 

,ie\ 



17. A M = ei/c At {A/4(a6x — cx) + a(kx) 2 Z\( (A(abx — cx) 
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+a(kx) 2 ) 2 )(l + a 2 )-^} 

+e 2 (ac M + b fl J \ — k tl kx)\(4:(abx — or) + a{kx) 2 ){l + a 2 ) 2; 

18. A M = ei/c M {cn [^(1 + a 2 )~2 (4(afrr - cx) + a(kx) 2 )} 

+A 2 sinh[^(l + a 2 ) _ 2(4(ate - cx) + a(kx) 2 ]} 

+e 2 (ac M + b^ + ^kx)X(l + a 2 )~2; 
A 

19. A M = eifc^fcrl -1 ^— ((fcr) 2 + (cx) 2 )] + e 2 (b fl cx - c^bx)\; 

20. A„ = e 1 k ll \kx\- 1 [X 1 ((bx) 2 + (c:r) 2 )f + A((te) 2 + (cx) 2 )~f ] 

+e 2 (6 M ca; - c M te)A((te) 2 + (cx) 2 )" 1 ; 

21. A M = e 1 fc /i |/cx|~ 1 ^/ca : Zi (— - (cx) 2 ) + e 2 (6 M — k^bx(kx)~ l )\cx; 

4 2 

22. A M = ei/c M |/cx| _1 [Ai cosh(Aec:r) + A 2 sinh(Aecx)] 
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+e 2 (6 M - k^bxikx) l )\; 

23. = eih^\kx\~~ l \kx\ — cxZ\{- — (In \kx\ — cx) 2 ) 

4 2 

+e 2 (6^ — k^bx{kx)~ l ) A(ln \kx\ — cx); 

24. A M = e 1 /c M |fcx|~ 1 [Ai cosh(Ae(ln — cx)) + A 2 sinh(Ae(ln \kx\ — cx))] 

+e 2 [b^ - k (l bx{kx)~ x \\\ 

25. A^ = eik^kx] -1 \/a\n \ kx\ — cxZi (- — (a In — cx) 2 ) 

4 2 

+ e 2(fyt — — In |foc|)(fcr) _1 )A(a In — cx); 

26. A^ = eifc M |A;a;|~ [Ai cosh(Ae(a In \kx\ — cx)) 

+A 2 sinh(Ae(a In \kx\ — cx))} 
+e 2 (& M - k^ibx - In |/cx| _1 )(fca;) _1 )A; 

27. A^ = {e^^ - k fJ bx(kx)' 1 ) 

+e 2 (c M - fc M cx(fcx)~ 1 )}e -1 (:r I/ 2: 1 ') — 2; 

28. A^ = {e^ - k^bx^kxy 1 ) + e 2 (c M - k^x^x)' 1 )}/^^). 

In the above formulae the symbol Z a (u) stands for the Bessel function, 
sn (lu), dn (a;), cn (a;) are the Jacobi elliptic functions having the module 
f(x v x u ) is the general solution of the ordinary differential equation 

and A, Ai, A 2 are arbitrary real constants. 

4 Conditional symmetry and new solutions 
of the Yang-Mills equations. 

With all the wealth of exact solutions obtainable through Lie symmetries of 
the Yang-Mills equations, it is possible to construct solutions, that cannot be 
derived by the symmetry reduction method. The source of these solutions is 
conditional or non- classical symmetry of the Yang-Mills equations. 

The first paper devoted to non-classical symmetry of partial differential 
equations was published by Bluman and Cole |57|. However, the real im- 
portance of these symmetries was understood much later after appearing the 
papers |2E|-[ni|, [3~H 152]. where the method of conditional symmetries had 
been used in order to construct new exact solutions of a number of nonlinear 
partial differential equations. 

The methods for dimensional reduction of partial differential equations 
based on their conditional symmetry can be conventionally classified into two 
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principal groups. The first group is formed by the direct methods (the ansatz 
method by Fushchych and the direct method by Clarkson & Kruskal), relying 
upon a special ad-hoc representation of the solution to be found in the form of 
the ansatz containing some arbitrary elements (functions) fi, f2, ■ ■ ■ , fn an d 
unknown functions <p\, <£> 2 , • • • , y?m with fewer number of dependent variables. 
Inserting the ansatz in question into equation under study and requiring for 
the obtained relation to be equivalent to a system of partial differential equa- 
tions for the functions <fx, y2 2 , • • • , fm yield nonlinear determining equations 
for the functions fi, f 2 , . . . , f n - Having solved the latter yields a number of 
ansatzes reducing a given partial differential equation to one having fewer 
number of dependent variables. The second group of methods (the non- 
classical method by Bluman & Cole, the method of conditional symmetries 
by Fushchych and the method of side conditions by Olver & Rosenau) may 
be regarded as infinitesimal ones. They are in line with the traditional Lie 
approach to the reduction of partial differential equations, since they exploit 
symmetry properties of the equation under study in order to construct its 
invariant solutions. And again any deviation from the standard Lie approach 
requires solving over-determined system of nonlinear determining equations. 
A more profound analysis of similarities and differences between these ap- 
proaches can be found in ESI EHj • 

So the principal idea of the method of ansatzes, as well as, of the direct 
method of reduction of partial differential equations is a special choice of the 
class of functions to which a solution to be found should belong. Within the 
framework of the above methods a solution of system (j3.1j) is looked for in 
the form 



where are smooth functions chosen in such a way that substitution of the 
above expressions into the Yang-Mills equations yields a system of ordinary 
differential equations for new unknown vector-functions B y of one variable uj. 
However being posed in this way, the problem of reduction of the Yang-Mills 
equations seems to be hopeless. Indeed, even if we restrict ourselves to the 
case of a linear dependence of the above ansatz on B u 



where B v (w) are new unknown vector-functions and u = u(x) is the new 
independent variable, then the requirement of reduction of (|3.1|) to a system 
of ordinary differential equations by virtue of (|4.1j) gives rise to the system 
of nonlinear partial differential equations for 17 unknown functions R^p, to. 
And what is more, the system obtained is not at all simpler than the initial 
Yang-Mills equations 1)3.1)1 . Consequently, an additional information about 
the structure of the matrix-function should be input into ansatz 1)4.1)1 . 
This can be done in various ways. But the most natural one is to use the 





(4.1) 
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information about the structure of solutions provided by the Lie symmetry 
of the equation under study. 

In [33] we suggest an effective approach to study of conditional symme- 
try of the nonlinear Dirac equation based on its Lie symmetry. We have 
observed that all the Poincare- invariant ansatzes for the Dirac field ip{x) can 
be represented in the unified form by introducing several arbitrary elements 
(functions) U\{x), u 2 (x), . . . , Un(x). As a result, we get an ansatz for the 
field ip(x) which reduces the nonlinear Dirac equation to system of ordinary 
differential equations, provided functions Ui(x) satisfy some compatible over- 
determined system of nonlinear partial differential equations. After integrat- 
ing it we have obtained a number of new ansatzes that cannot in principle 
be obtained within the framework of the classical Lie approach. 

Here, following 49 a we will show that the same idea proves to work ef- 
ficiently for obtaining new (non-Lie) reductions of the Yang-Mills equations 
and for constructing new exact solutions of system (j3.1|) . 

4.1 Non-classical reductions of the Yang-Mills equa- 
tions 

In the previous section we give the complete list of P(l,3)-inequivalent ansat- 
zes for the Yang-Mills field, which are invariant under the three-parameter 
subgroups of the Poincare group P(l, 3). These ansatzes can be represented 
in the unified form (J3.8j) . where B„(a;) are new unknown vector-functions, 
uj — uj{x) is the new independent variable and the functions a^(x) are given 
byflHSD. 

In (13. 9|) . 6^(x) are some smooth functions, and what is more 9 a = 6 a (!;, 
b^x**, tyx"), a = 1,2; £ = (l/2)k /I x^ = (1/2) (a^ + d^); o M , &„, c M , 
are arbitrary constants satisfying relations (|3.5|) . 

The choice of the functions uj(x), O^x) is determined by the requirement 
that substitution of ansatz ()3.8|) into the Yang-Mills equations yields a system 
of ordinary differential equations for the vector function B M (u;). By the direct 
check one can become convinced of the validity of the following statement 
[SSI 

Assertion 4.1 Ansatz \3. &)) . \3. 9\) reduces the Yang-Mills equations \3.1\) 
to system of ordinary differential equations, if and only if, the functions uj(x), 
# M (x) satisfy the following system of partial differential equations: 

1) w Xii lj x » = Fi(u), 

2) Dlu = F 2 (uj), 

3) a ait u Xa = G^(uj), 

4) a afMXa = H^u), (4.2) 

5) R^a auXl3 u x /3 = Q^iuj), 
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6) R%Ua av = S^uj), 

where Fx, F 2 , G M , . . . , T^ U1 are some smooth functions of u, ji, v, 7 = 
0, 1, 2, 3. And what is more, the reduced system has the form 

k^Bn + ^-yB 7 + m M7 B 7 + eq^B" x B 7 + e VyB" x B 7 



+e 2 B^ x (B 7 xB„) = 



where 

l/i'y 9fj/yF 2 ^Q/jfy G^H^ G^Gy, 

™>W = S l*y ~ ( 4 - 4 ) 

hfiwy (1/2) {^9^,-yH u g^ u H^) T^ v ^. 

Consequently, to describe all the ansatzes of the form (|3.8j) , (|3.9|) reducing 
the Yang-Mills equations to a system of ordinary differential equations one 
has to construct the general solution of the over-determined system of partial 
differential equations (|3.9|) . ([4.2)1 . Let us emphasize that system (|3.9|) . ()4.2|) is 
compatible since the ansatzes for the Yang-Mills field A M (x) invariant under 
the three-parameter subgroups of the Poincare group satisfy equations ()3.9|) , 
(|4.2|) with some specific choice of the functions Fx, F 2 , . . . , T Mi , 7 [33] . 

Integration of system of nonlinear partial differential equations (|3.9|) . (|4.2j) 
has been performed in [331 EH]- Here we indicate the principal steps of the 
integration procedure. While integrating ()3.9|) . ()4.2|) we use essentially the 
fact that the general solution of system of equations 1, 2 from ()4.2|) is known 
62J. With already known uj(x) in hand we proceed to integrating linear 
partial differential equations 3, 4 from ()4.2|) . Next, we insert the results 
obtained into the remaining equations and get the final forms of the functions 
uj(x), 9 fl (x). 

Before presenting the results of integration of system of partial differential 
equations ()3.9|) . ()4.2|) we make the following remark. As the direct check 
shows, the structure of ansatz ()3.8|) . ()3.9|) is not altered by the change of 
variables 

uj -> J = T{u), 9 ^9' Q = 9 + T (u), 

9x - 9[ =9x + e e ° (Tx (uj) cos 9 3 + T 2 (uj) sin 9 3 ) , 

) { (4-5) 

9 2 ^9' 2 = 9 2 + e e ° (T 2 (lu) cos 9 3 - T x (uj) sin 9 3 J , 

9 3 ^9> 3 = 9 3 + T 3 (u), 

where T(u), T^(uj) are arbitrary smooth functions. That is why, solutions of 
system (j3.9J) . ()4.2|) connected by relations (j4.5J) are considered as equivalent. 
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Integrating the system of partial differential equations under study within 
the above equivalence relations we obtain the set of ansatzes containing the 
ones equivalent to the Poincare-invariant ansatzes, obtained in the previous 
section. That is why, we concentrate on essentially new (non-Lie) ansatzes. 
It so happens that our approach gives rise to non-Lie ansatzes, provided the 
functions uj(x), O^x) within the equivalence relations (J4.5)) have the form 

0^ = 0p{£, bx, cx), u = u(£, bx, cx), (4.6) 

where, as earlier, bx = b^x^, cx = c^x^. 

List of inequivalent solutions of system of partial differential equations 
(JH32J), (|4.2jl satisfying (|4.fij) is exhausted by the following solutions: 

1) O = 6 3 = 0, u = {l/2)kx, B x = w (g)bx + w x {^)cx, 
62 = w 2 (£)bx + u> 3 (£)cx; 

2) uj = bx + wi(g), &o = oc\cx + w 2 (£,)j, 

6 a = -(l/A)w a (0, a = 1,2, 9 3 = 0, (4.7) 

3) 6> = T(£), 9 3 = wi(£,), to = bx cos W\ + cx sin w\ + w 2 (£,), 
Q\ = ^(l/4)(£e T + T){bx sin w\ — cx coswi) + u>3(£)J sin W\ 

+ (1/4) (w\(bx sin w% — cx costOi) — w 2 j cos w±, 

9 2 = — ^(l/4)(£e T + T){bx sin w% — cx costOi) +Ws(^) \ cos W\ 

+ (1/4) (wi(bx sinw! — cx coswi) — w 2 j sin wi, 

4) 6 = 0, # 3 = arctan ([cx + w 2 (£)][bx + w^)]- 1 }, 
6 a = -(l/4)w a (0, a = 1,2, 

uj= (^ bx+Wl ^ + [ CX+W2 ^y /2 . 

Here a ^ is an arbitrary constant, e = ±1, Wq, wi, w 2 , are arbitrary 
smooth functions on £ = (l/2)kx, T = T(£) is a solution of the nonlinear 
ordinary differential equation 

{f + ec T f + wl = xc 2T , keR 1 , (4.8) 

a dot over the symbol denotes differentiation with respect to £. 

Inserting ansatz ()3.8j) . where a^x) are given by formulae ()3.9jl . ()4.7jl . 
into the Yang-Mills equations yields systems of nonlinear ordinary differential 
equations of the form ()4.3)1 . where 

1) k m = - (1/4) fc M fc 7 , = -(w + w 3 )k IJ ,k 1 , 
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m M7 = -4 (vol + w\ + wl + wDkpk-, - (w + w 3 )kfj,k^, 
Qnwy = (1/2) {9/jr/k,, + g v ^k^ — 2g^ l/ k~ f ), 

h^y = Oo + w 3 )(g^k u - g^ky) + 2(wi - w 2 ) [ik^K - k v b^) c 7 
+ {b fl c u — b u Cfj, )fc 7 + {c^k v c v k^)b^ J 5 

2) k^ 9[i~i b^b^, l^-y 0, ^n'y ot (ft^o, 7 d^dj), 

foflVy eX (^[CL^dy dydp^jC^j ~\~ {d^Cy dyCp^JClry ~\~ (C^dy CyCl^d>y^ , 

3) k^ = -g^ - 6 A1 6 7 , Z M7 = ~(e/2)b^, (4.9) 
"Vy = -(x/4)/c M fc 7 , = g^b v + g ul b^ - 2g flv b 1 , 

fofiwf \^/4) \3/j/yku finish''/) • 

4) fc M7 = -g m - bf.bj, Z M7 = -^(g^ + 6 M 6 7 ), 
tn^ry lo c^c^j Q^wy g^-yby -\- gy^b^ 2g^ LU b^ 1 
Vr = (l/2)o;~ 1 (^ 7 6 I , - g^bj). 

4.2 Exact solutions 

Systems (|4.3jl . ()4.9|) contain twelve nonlinear second-order ordinary differ- 
ential equations with variable coefficients. That is why, there is little hope 
to construct their general solutions. Nevertheless, it is possible to obtain 
particular solutions of system (|4.3|) . whose coefficients are given by formulae 
2-4 from 

Consider, as an example, system of ordinary differential equations (|4.3|) 
with coefficients given by the formulae 2 from (|4.9|) . We look for its solutions 
of the form 

B M = fc M ei/(w) + ft^H, /<? ^ 0, (4.10) 

where e x = (1, 0, 0), e 2 = (0, 1, 0). 

Substituting expression (j4.10|) into the above mentioned system we get 

/'+(« 2 -eV)/ = 0, fg + 2fg = 0. (4.11) 

The second ordinary differential equation from (J4.11j) is easily integrated 

g = \t\ AeR 1 , A ^ 0. (4.12) 

Inserting the result obtained into the first ordinary differential equation 
from (|4.11|) yields the Ermakov-type equation for f(oj) 

f + a 2 f - e 2 A 2 r 3 = 0, 
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which is integrated in elementary functions |nil| 

/= («- 2 C 2 + a- 2 (C 4 -aVA 2 ) 1 / 2 sin2|a|^) 1/2 . (4.13) 

Here C 7^ is an arbitrary constant. 

Substituting (|4.10|) . (|4.12|) . (|4.13|) into the corresponding ansatz for A M (x) 
we get the following class of exact solutions of the Yang-Mills equations ([3.1)1 : 

A M = e x k^ exp {—acx - aw 2 ) (a~ 2 C 2 + a' 2 (C 4 - a 2 e 2 \ 2 ) 1/2 

x sin2|«|(6x + u>!)) 1/2 + e 2 \(a- 2 C 2 + cT 2 {C 4 - a 2 e 2 A 2 ) 1/2 

x sin2\a\(bx + wi)^j (b^ + (l/2)k fl wi 



In a similar way we have obtained the five other classes of exact solutions 
of the Yang-Mills equations 

A M = eik^e~ T (bx coswi + cxsinwi + w 2 ) 1 ^ 2 Zi/ 4: ^{ieX/2)(bx coswi 
+cx sin Wi + W2) 2 J + e 2 A (bx cos w\ + cx sin w\ + w 2 ) 
x cos W\ — b^ sin w\ + 2k iJ [{l/ A){ee T + T){bx sin w\ 
—cx cos u>i) + w 3 ]j ; 

A M = eifc^e" 2 " ^Ci cosh[eA(fea; cos W\ + cxsinwi + w 2 )] + C 2 sinh[eA 
x [bx cos w\ + cx sin w\ + ^2)]! + e 2A cos u>i — 6 M sin u>i 
+2A; A1 [(l/4)(£:e T + T)(bx sin u>i — ca; cosu>i) + u> 3 ]j; 

1/2 



A M = eik^e T (c 2 {bx cos W\ + ca; sin tox + w 2 ) 2 + A 2 e 2 C 
+e 2 A ^C 2 (6x cos it»i + cx sin W\ + w 2 ) 2 + A 2 e 2 C~ 2 \ 
x ( 6 M coswi + sinwx — (l/2)/c M [wi(6x sin toj 



-CXCOSWiJ — U> 2 



A M = e 1 fc At Zo^(ieA/2)[(te + Wi) 2 + (cx + w 2 ) 2 ]) + e 2 A(c M (&a; + tu 1 ] 
-b^{cx + w 2 ) - (l/2)fe jU [it;i(cx + w 2 ) - w 2 (6x + it?i)] 

A M = e 1 A;^C 1 [(6x + U ; 1 ) 2 + (ca; + W2 ) 2 ] eA / 2 + C 2 [(6x + 

59 



+ (cx + w 2 ) 2 }~ eX/2 j + e 2 \[(bx + Wl f + {cx + w 2 ) 2 }- 1 
x (c^bx + iwi) - b^cx + w 2 ) - (l/2)kfj,[wi(cx + w 2 ) 
-w 2 (bx + Wi))j. 

Here Ci, C 2 , C ^ 0,A are arbitrary parameters; Wi, w 2 , w 3 are arbitrary- 
smooth functions on £ = (l/2)kx; T = T(£) is a solution of ordinary differ- 
ential equation (|4.8|) . Besides that, we use the following notations: 

\p>rr> J*' rp A' /) / T i /l T* A' CT 1 Z" 1 T* M 

Z» =dJ s H + C 2 y s (a;), 
ei = (1,0,0), e 2 = (0,1,0), 

where J s , K s are the Bessel functions. 

Thus, we have obtained the broad families of exact non-Abelian solutions 
of the Yang-Mills equations ([3.1]) . It can be verified by direct and rather 
involved computation that the solutions obtained are not self-dual, i.e., that 
they do not satisfy the self-dual Yang-Mills equations. 

4.3 Conditional symmetry formalism 

Now we briefly discuss the problem of conditional symmetry interpretation of 
ansatzes ([3.8]) . ([3.9]) . ([4.7]) . Consider, as an example, the ansatz determined 
by the formulae 1 from ([4.7]) . As the direct computation shows, generators 
of a three-parameter Lie group G leaving it invariant are of the form 

Qi = k a d a , 

3 

Q2 = b a d a - 2[w {k fi b v - k v b^ + w 2 (k fl c v - Kc^)} ^A^d^an, ^ ^ 
Q3 = c a d a - 2[w 1 (k IM b v - kyb^) + w^k^Cy - fc„c M )] ^A au d A a^. 



a=l 



Evidently, system of partial differential equations ([3.1]) is invariant un- 
der the one-parameter group G\ having the generator Qi. However, it is 
not invariant under the one-parameter groups G 2 , G3 having the generators 
Q 2 , Q3. Consider, as an example, the generator Q 2 . Acting by the sec- 
ond prolongation of the operator Q 2 (which is constructed in the standard 
way, see, for example, [IHI20J) 011 the system of partial differential equations 
([3.1]) we see that the resulting expression does not vanish on the solution set 
of the equations ([3.1]) . However, if we consider the constrained Yang-Mills 
equations 

L M = 0, Q a A M = 0, a = 1,2, 3, 
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then we see that the system obtained is invariant under the group G2. In the 
above formulae we use the designations 

L/j = □A„-9"9A + e((9A)xA, 1 -2(9 1/ A (J )xA 1 , 
+(& i A v ) x A") + e 2 A u x (A u x A M ), 

Q 2 A^ = b a d a A^ + 2(w G (k^b u -k u b^) + w 2 {k^c u -k u c^A u , 
Q 3 A^ = c a d a A^ + 2(w 1 (k^b u -k u b^)+w 3 (k^-k u c^)\A v . 

The same assertion holds for the Lie transformation group G3 having the 
generator Q 3 . Consequently, the Yang-Mills equations are conditionally- 
invariant with respect to the three-parameter Lie transformation group G = 
G\ (g) G2 CS> G3. It means that solutions of the Yang-Mills equations obtained 
with the help of the ansatz invariant under the group with generators (j4.14|) 
cannot be found by means of the classical symmetry reduction procedure. 
We refer the reader interested in further details to the monographs fU\ 

As very cumbersome computations show, the ansatzes determined by the 
formulae 2-4 from ()4.7|) also correspond to conditional symmetry of the Yang- 
Mills equations. Hence it follows, in particular, that the Yang-Mills equations 
should be included into the long list of mathematical and theoretical physics 
equations possessing non-trivial conditional symmetry [2*T| . 



5 Symmetry reduction and exact solutions of 
the Maxwell equations 

In this part of the paper we exploit symmetry properties of the (vacuum) 
Maxwell equations in order to construct their exact solutions. 

It is well-known that the electro-magnetic field for the case of the vanish- 
ing current is described by the Maxwell equations in vacuum 

<9H 

rotE = - — , divH = 0, 

ox 

<9E 

rotH =7 — , divE = 5.1) 

for the vector fields E = E(xo,x) and H = H(xo,x) (in the sequel, we call 
them the Maxwell fields). 

First, we give a brief overview of symmetry properties of equations (|5.1|) 
following [IK] . 
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5.1 Symmetry of the Maxwell equations 

As we have mentioned in the introduction, the maximal symmetry group 
admitted by equations (j5.1|) is the sixteen-parameter group C(l, 3) (^) H. 
This group is the direct product of the conformal group C(l, 3) generated by 
the Lie vector fields 



Pn = d Xft , Joa = x d Xa + x a d XQ + £ a bc{E b d Hc - H b d Ec ), 

Jab = x b d Xa — x a d Xb + E b d Ea — E a d Eb + H b d Ha — H a d Hb , 

D = x„d Xfi - 2(E a d Ea + H a d Ha ), (5.2) 

K Q = 2x D - x^d XQ + 2x a e abc (E b d Hc - H b d Ec ), 

K a = -2x a D - x^d Xa - 2x e abc (E b d Hc - H b d Ec ) 

-2H a (x b d Hb ) - 2E a (x b d Eb ) + 2{x b H b )d Ha + 2(x b E b )d Ea , 

and of the one-parameter Heviside-Larmor-Rainich group H having the gen- 
erator 

Q = E a d Ha -H a d Ea , (5.3) 

where e abc is the third-order anti-symmetric tensor with £123 = 1. In this 
section the indices denoted by the Latin alphabet letters a, b, c take the values 
1,2,3, and the ones denoted by the Greek alphabet letters take the values 
0,1,2,3, and the summation convention is used. 

It is readily seen from (|5.2|) . (|5.3|) that the action of the group C(l,3) (£) H 
in the space R ,3 x R e , where R ' 3 is Minkowski space of the variables xq, 
x = (a;i, 22, £3) and R 6 is the six-dimensional space of the functions E = 
(Ei, E 2 , E 3 ), H = (H\, H 2 , H 3 ), is projective. And furthermore, the basis 
generators of this group can be represented in the form ()2.11j) . 



The matrices read as 



•Sol — ( n n I , 5*02 






5*23 


— 5*23 















S13 








Sis 



-5i3 

Sl3 



^03 - ( _5_ ^ n 12 ) , S'ls-! S q j ■ (5.4) 



12 



Sl3 — ( n 5 ' ^23 



S23 
S23 




where is the zero 3x3 matrix and 

/0 -1 0\ /0 

Si2=\l , Si 3 l . ,S' 2: , 
\0 0/ \1 

E is the unit 6x6 matrix. The matrix —A corresponding to operator Q 
(j5.3j) is given by the formula 

A=(° I "/), (5.5) 
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where and I are zero and unit 3x3 matrices, correspondingly. 

Hence, it follows that (7(1, 3) //-invariant ansatzes for the Maxwell 
fields, that reduce (j5.1j) to systems of ordinary differential equations, can be 
represented in the form ([2. 18)1 . namely, 

V = A(a;o,x)V(cj) (5.6) 

with 



V = 









E 2 




% 


E 3 


, v = 


E 3 


Hi 


Hi 


H 2 




H 2 









Here A(xo, x) is the 6x6 matrix, which is non-singular in some open domain 
of the space R 1,3 and E a = E a (u>), H a = H a {oj) are new unknown functions 
of the variable uo = u{xq, x). 

In addition, the Maxwell equations admit the following discrete symmetry 
group [38] : 

*:x li = -x^ E=-E, H = -H. (5.7) 

The transformation properties of operators (J5.2J1 . ()5.3|) with respect to the 
action of the group \I/ read as: 

Pfj, * Pfi i J y,v J [ii/i D > D , H^ ► Hfj, , Q * Q ■ 

So that actions of discrete symmetry groups \I/ ([5.7]) and $i from Table 
2.1 on the basis operators of the algebra p(l, 3) coincide. Therefore, we can 
use Assertions 12. 5| 12.61 and choose the parameter j to be equal to 2, i.e., 
( 1H = 1. 

In what follows we exploit invariance of the Maxwell equations under the 
conformal group C(l, 3) in order to construct their invariant solutions. 



5.2 Conformally-invariant ansatzes for the Maxwell fi- 
elds 

First we will give two assertions, that simplify substantially the problem of 
the full description of invariant solutions of the Maxwell equations. 

Assertion 5.1 J/E = E(x ,x 3 ), H = H(xq,x 3 ), then it is possible to con- 
struct the general solution of equations h5. Is has the form 

Ei = <pi(0 + Mv), Hx^-^+Mv), 
E 2 = (f 2 (0 + Mv), H 2 = (p 1 (Z)-i/> 1 (r ) ), 
E3 = Ci, H 3 = C 2 , 
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where tpi, tp 2 , tpi,i^2 are arbitrary smooth functions; £ = Xq — x 3 , r] = Xq + x 3 ; 
Ci, C 2 G R. 

Assertion 5.2 // E = E(xi, x 2 , £), H = H(xi, x 2 , £); where £ = \{xq — 0:3), 
i/ien zs possible to construct the general solution of the Maxwell equations 
\5. It is given by the following formulae: 

E 1 = 1 -{R + R* +T l +T* l ), H l= l -{iR-iR* -T 2 -T*), 

E 2 = hiR-iR* + T 2 + T* 2 ), H 2 = l -{R + R* -Tr-Tl), 
E 3 = S + S*, H 3 = iS-iS*, 

where 

T i = ^T' (J = M), S= — + 1— + \{z), 

R - -2(— + i—) + £— 

V dz dz J dz 

Here 6j = 8j(z,^), X(z) are arbitrary functions analytic by the variable z = 
X\ + ix 2 ; j = 1, 2; i is the imaginary unit, i.e., i 2 = — 1. 

Proof of the above assertions can be found in [50J- 53J. 

It follows from Assertions EHlE21that we have to exclude from the further 
considerations those subalgebras of the conformal algebra that yield solutions 
of the form covered by these assertions. It is straightforward to check that 
we have to skip subalgebras L of the rank 3 fulfilling the conditions 

<P + P 3 >£L, <P -P 3 ><£L, <P ,P 3 >(£L, <P 1 ,P 2 >£L. 

Owing to this fact, to get the full description of conformally- invariant solu- 
tions of the Maxwell equations it suffices to consider the following subalge- 
bras of the conformal algebra c(l, 3) (note, that we have also made use of 
the discrete symmetry group \1/ in order to simplify their basis elements): 

M x = (J 03 , Ci, P2); M 2 = (G 1 , G 2 , J 03 + a J 12 ), a G R; 

M 3 = (J12, D, P ); M 4 = (Ji 2 , D, P 3 ), 

M 5 = (J 03 ,P,Pi); M 6 = (J 03 ,J 12 ,D); 

M 7 = (G u Jo3 + aD,P 2 ) (0<|a|<l); 

M s = ( J 03 — D + M, G x , P 2 ); M 9 = ( J 03 + 2D, G x + 2T, P 2 ); 

M 10 = (Ji 2 , 5* + T, Z); M u = (S + T + J 12 , Z, G x + P 2 ); 

M 12 = (P 2 + A 2 + >/3(Pi + A x ) + A - P , J 02 - D - V3J 01 , 

P + Ao-2(A2-P 2 )); 
M 13 = (Po + Ao)0(J 1 2,A3-P 3 ); 

M 14 = (2J 12 + A 3 - P 3 , 2J 13 - A 2 + P 2 , 2J 23 + Ai - P); 
M 15 = (P + Ai + 2 J 3, P 2 + A 2 + A - P , 2 J 12 + A 3 - P 3 ). 
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Here we use the following designations: 

M = P + P 3 , G 0J = J oj - J j3 , (j = 1, 2), 

Z = J 03 + D, S=~(K Q + K 3 ), T=^(P -P 3 ). 

In the sequel, we consider the first ten subalgebras from the above list. 
For these subalgebras we can represent the matrix A from ansatz ()5.6|) as 
follows 

A = exp{(ln9)E}exp(29 1 H 1 )exp(29 2 H 2 )exp(-9 S 03 )exp(9 3 S 12 ), 
the matrices having the form (J5.4j) . So that, we have 



A = 9 



C G 
-G C 



where 



(cosh 9q cos 6*3 — ri — cosh 9 sin 9 3 + r 2 
cosh 9q sin 9 3 + r 2 cosh O cos 9 3 + r\ 
-2 Sl 2s 2 

/ sinh 9 sin 9 3 + r 2 sinh 6*0 cos 6*3 + r x 
= — sinh #0 cos 6*3 + r\ sinh 9 sin 9 3 — r 2 
' 2s 2 2si 



G = 



and furthermore, 




ri = 2[(^-^) cos ^3 + 2^^ 2 sin^ 3 ]e- eo , 

r 2 = 2[(^ -0 2 2 ) sin 03-2^02 cos 3 ]e A 

si = 2[#icos# 3 + #2sin# 3 ]e- eo , 

s 2 = 2[9 t sin 9 3 - 9 2 cos 9 3 }e- e °. 

After some algebra we obtain the following form of the conformally- 
invariant ansatz for the Maxwell fields: 

E 1 = 9 {{Ex cos 9 3 - E 2 sin 3 ) cosh O 
+(Hi sin 9 3 + H 2 cos 6*3) sinh #0 
+29 t E 3 + 29 2 H 3 + A9 1 e 2 E 1 + 2{9\ - 2 2 )£ 2 }, 

E 2 = 9{(E 2 cos9 3 + sin 3 ) cosh O 

+{H 2 sin 3 -#i cos 3 ) sinh Q (5.8) 
-2^# 3 + 20 2 £ 3 + 40!0 2 E 2 - 2(0? - 2 2 )S 1 }, 

£ 3 = 0{£ 3 + 20 1 £ 2 + 20 2 £ 1 }, 

= 0{(# lC os0 3 - # 2 sin 3 ) cosh O 
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— (Ei sin 3 + E 2 cos 3 ) sinh O 

+29iH 3 - 26 2 E 3 - 40 1 2 £ a + 2(0 2 - 8l)Ei}, 

H 2 = 0{(£T 2 cos0 3 + Fi sin 3 ) cosh O 
+ (Ei cos 6 '3 — E 2 sin 3 ) sinh 8 
+28iE 3 + 20 2 # 3 + 40i0 2 £i + 2(0? _ # 2 )£ 2 }, 

F 3 = 0{# 3 + 20^ - 20 2 £ 2 }. 

Here 

S x = i(H 2 -Ei)smd 3 - (E 2 + Hi)cosd 3 ]e~ d0 , 
S 2 = [(E 2 + Hi)sm6 3 + (H 2 - Ei)cos6 3 }e- e °. 

The form of the functions 0, 9^,uo for each of the subalgebras Mj, 
1,2, ... , 10) is obtained from Assertions I2.5ll2~71 with k = 2. 

Mi : = 1, O = -In |x - x 3 \, Q x = --Xi(x - x 3 ) _1 , 

02 = 03 = 0, u = Xg - x\- x 2 ; 
M 2 : = 1, O = - In \x Q - x 3 \, 9 1 = -~Xi(x Q - x 3 )~\ 

02 = ~x 2 (x - x 3 ) -1 ,0 3 = a In \x - x 3 \, 

2 2 2 2 "p> 

M 3 : = (x 3 )" 2 , O = 0i = 02 = 0, 

3 = arctan — , 00 = (x\ + x 2 )x 3 2 ; 

Xl 

M 4 : = (x )- 2 , O = 0i = 2 = 0, 

3^2 / o \ 

3 = arctan — , to = fx, + x 2 )x ; 
xi - 

M 5 : = (x 2 )- 2 , O = In |(x + x 3 )x 2 x |, : = 2 = 3 = 0, 

— ( 2 _ 2 "\ ~ 2 - 

M 6 : (x 2 + x 2 ,)~ 1 , O = --ln|(x - x 3 )(x + x 3 )~ 1 |, 

0i = 02 = 0, 3 = arctan — , u = (x 2 + x 2 ,)^ 2 , — x 2 ) -1 ; 

Xl 

M 7 : 1) a = -1 

= (x - x 3 ) _1 , O = -- In \x - x 3 \, 

0i = --Xi(x - x 3 ) _1 , 2 = 3 = 0, 

lu = x + x 3 - x 2 (x - x 3 ) _1 ; 
2) a ^ -1 
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r> I 2 2 2 1 — 1 n i I 2 2 2| 

= Fo - x \ - x s\ , 0o = 2^ ln \ x o ~ x i - x s\i 

Ox = ~ x i{ x o ~ ^y 1 , 02 = 0-3 = 0, 

uj = 2a In |x — x 3 \ + (1 — a) In jx 2 , — x 2 — Xg|; 
M 8 : # = |x - x$\~ x , 6»o = -- In \x - x 3 \, O x = ~Xi(x - a: 3 )~\ 

6*2 = 3 = 0, = x + x 3 - x\(x Q - x 3 ) _1 + In \x - x 3 \; 
M 9 : 8= [{x - x 3 f - A Xl ]~ 2 , = ^ In |(x - x 3 f - 4a?i|, 

01 = --(*«, -x 3 ), #2 = 3 = 0, 

w = [x + £3 - xi(x - x 3 ) + -(x - x 3 ) 3 ] 2 [(^o - x 3) 2 - 4.Ti]~ 3 ; 

6 

M10 : 0= [(xi-(x -x 3 )x 2 ) 2 (l + (x -x 3 ) 2 )- 1 ]- 1 ; 

6> = - ln[(aci - (x - x 3 )a;2) 2 (l + (x - x 3 ) 2 )~ 3 ), 

0\ = -\( x 2 + ( x o - x 3 )xi)(l + (x - x^y 1 , 

2 = ^(^l ~ ( x o - ^3)^2) (1 + (x - x 3 ) 2 ) -1 , 

9 3 = - arctan(x - x 3 ), lu = [(x + x 3 )(l + (x - x 3 ) 2 ) 2 
-2x x {x 2 + {x - x 3 )x t ) - (x - x 3 ){x\{x - x 3 f - xj)] 
x [x\ - (x - x 3 )x 2 }' 2 - x + x 3 . 

5.3 Exact solutions of the Maxwell equations 

Now we have to insert ansatzes ()5.8j) into (j5.1j) . However, it is more con- 
venient to rewrite the Maxwell equations (j5.1|) in the following equivalent 
form: 

d Xl (Ex + H 2 ) + d X2 (E 2 - H x ) = (d Xo - d X3 )E 3 , 

d Xl (Ex - H 2 ) + d X2 (E 2 + H x ) = -(d Xo + d X3 )E 3 , 

d Xl (E 2 — Hx) — d X2 (Ex + H 2 ) = —(d XQ — d X3 )H 3 , 

d Xl (E 2 + Hx) - d X2 (Ex - H 2 ) = -(d XQ + d X3 )H 3 , 

(d Xo + d X3 )(Ex + H 2 ) = d Xl E 3 + 3 X2 H 3 , 

(d Xo - d X3 )(Ex - H 2 ) = -d Xl E 3 + d X2 H 3) (5.9) 

(d Xf) — d X3 )(E 2 + Hx) = —d X2 E 3 — d Xl H 3 , 

(d Xo + d X3 )(E 2 — Hx) = d X2 E 3 — d Xl H 3 . 

We will give the calculation details for the case of the subalgebra M x only, 
since the remaining subalgebras are handled in the similar way. For the case 
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in hand, ansatz (|5.8|) can be written in the form 

E 1 + H 2 = fe e ° + Ad x E 3 - Aeje^h, 

E 1 -H 2 = he~ e ° , E 2 + H 1 = pe- e ° , 

E 2 -Hi = ge 9 ° - 40i# 3 + 40?e -flo p, (5.10) 

E 3 = E 3 - 26 1 he- e °, H 3 = H 3 - 2B lP e~ Q \ 

where 9 = — In \x — x 3 \, 61 = — |xi(x — x 3 ) _1 . The functions £"3, H 3 and 

/ = f(uj)=E 1 + H 2 , g = g(u) = E 2 -H 1) 

h = h(v) = Ex-H*, p = p(u) = E 2 + H 1 (5.11) 

are arbitrary smooth functions of the variable 

Inserting f)5. lOj) into the second and fourth equations from (|5.9|) gives 
equations 

E 3 = 0, H 3 = 0. (5.12) 

We remind that the dot over symbol stands for the derivative with respect 
to the variable uj. 

Similarly, we get from the sixth and seventh equations of system (J5.9)) the 
following reduced equations: 

2cu/i + 3/i = 0, 2cup + 3p = 0. (5.13) 

Next, the fifth and eighth equations give rise to ordinary differential equations 
of the form 

2f-h = 0, 2g + p = 0. (5.14) 

Finally, substituting ansatz (|5.10|) into the first and third equations from 
(B yields 

Aed l [uoh + h + f] = 2C'E 3 , 

AE9 1 [g-cup-p] = -2C 1 H 3 , (5.15) 

where e = 1 for £ = x — x 3 > and e — — 1 for x — x 3 < 0. 
Taking into account (|5.13|) . (|5.14j) we see that 

E 3 = 0, H 3 = 0. 

Summing up we conclude that the ansatz invariant with respect to the 
subalgebra Mi reduce the Maxwell equations to the following system of or- 
dinary differential equations: 

2uoh + 3h = 0, 2up + 3p = 0, 2f - h = 0, 
2g + p = 0, E 3 = 0, H 3 = 0. 
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Below we give the reduced systems for the ansatzes invariant with respect 
to the remaining subalgebras M 2 -M 10 . Note that the functions f,g, h, p are 
of the form (j5.11|) . 

1. System (pTTKjl . 

2. / = 0, E 3 = 0, g = 0, H 3 = 0, 

ujh + 2h + ap = 0, up + 2p — ah = 0, a G R. 

3. 2^(l+w)E 3 + (7^ + 2)^3 + 3^3 = 0, 

/ = / l = -2 v ^( J B3 + (l + cu)i 3 ), 
2w(l + u)H 3 + (7w + 2)h 3 + 3# 3 = 0, 
g = -p = 2^{H 3 + {1 + uj)H 3 ). 

4. 2cj(cj - 1)£ 3 + (7uo - 2)E 3 + 3E 3 = 0, 

f=-h = 2yfi(E3 + (u-l)E 3 ), 

2u(u - 1)H 3 + (7u - 2)H 3 + 3H 3 = 0, 
g = p = -2^(H 3 + (co-l)h 3 ) . 

5. 2lu(lu - l)E 3 + (7cu - 2)E 3 + 3E 3 = 0, 
g = -uu- l p = 2e{E 3 + {uo-l)E 3 l 
2uj(lo - l)H 3 + (7w - 2)F 3 + 3F 3 = 0, 

/ = u ;- 1 / l = 2£[#3 + ^-l)4], 

s = 1 for (x + x 3 )x2 1 > 0, 
e = —1 for (sco + ^3)^2 1 < 0- 

6. (a; - 1)4 + ^s = 0, 
2uf + / = -2e 2 VR4, 

2cj/i + /i = 2£! v^^s, (5. 16) 

(a; - 1)# 3 + #3 = 0, 
2a;p + p = 2£i-y/jtJ|^" 3 , 
2a>0 + g = 2£ 2 a/M-^3, 

£i = 1 for Xq + x 3 > 0, £1 = — 1 for x + x 3 < 0. 
£2 = 1 for xq — x 3 > 0, £2 = — 1 for £ — £3 < 0. 

7. 1) £ 3 = 0, 2f = eh, 
H 3 = 0, 2g = -ep, 

£ = 1 for Xq — X 3 > 0, 

£ = — 1 for xq — X3 < 0. 
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2)E 3 = 0, 2{1 + a)h - [1 + -)h = 0, 

a 

(--2)/ + 2(1- a) f = ee-« u h, 
a 

#3 = 0, 2(1 + a)p - (1 + -)p = 0, 

a 

(--2)g + 2(l-a)g = -se-i UJ p, 
a 

< \a\ < 1, a / —1, £ = 1 for x 2 , — x 2 — x 2 > 0, 
e = — 1 for Xq — x 2 — x 2 < 0. 

8. h = 0, £ 3 = 0, p = 0, H 3 = 0, 
2ef-h = 0, 2eg + p = 0, 

e = 1 for x — x 3 > 0, e = — 1 for x — x 3 < 0. 

9. h = Aef, p = -Aeg, 

E 3 = -(9uj 2 + £ -)f-15ujf = 0, 

(36cj 2 + e)f + 180cj/ + 140/ = 0, 
H 3 = 15ug + (9tu 2 + £ -)g, 

(36cj 2 + e)g + ISOug + 140# = 0, 
e = 1 for a > 0, £ = —1 for a < 0, 
a = 4xi - (zo - a^) 2 - 
10. / = />, /i = (cj 2 + 1)£ 3 + uE 3l 
(to 2 + 1)E 3 + AujE 3 + 2E 3 = 0, 

9 = -P, P= + !)#3 + ^#3, 
(w 2 + 1)H 3 + AujH 3 + 2H 3 = 0. 

The above systems are linear and therefore are easily integrated (the 
integration details can be found in jHOl^jSSl)- Below we give the final result. 
Namely, we present the families of exact solutions of the Maxwell equations 
(|5-H) invariant with respect to the subalgebras Mi-M w . 

Mi : E x = C 2 (x - x 3 ) _1 - 2x 3 d\x 2 - x\ 
E 2 = C 4 (x - xs)^ 1 + 2x C 3 |xo - x 2 
E 3 = 2xiCi|xq - x 2 - x 2 |"5, 
Hi = — C*4(xo — X3) _1 — 2X3C3IX0 — x 2 — x 2 |~2 ; 
H 2 = C 2 (x - x 3 ) _1 - 2x Ci|xo - x 2 - x 2 |~^, 
H 3 = 2xiC 3 |xo - x 2 - x 2 |~l 
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M 2 : E x = cos(a In - C 2 sixain |£|) 

— Xix 2 [h sin(o; In |£|) + pcos(aln |£|)] 

+ \{? ~4 + 4)[h cos(aln - psin(aln |£|)]}, 

£2 = |er 1 {C , 2COs(o ; ln|e|) + C 1 sin(Q ; ln|e|) 
+XiX2[psin(a In |£|) — hcos(a\n |£|)] 

+ ^(£ 2 + a? - sin(a In + p cos(a In |£|)]}, 
E 3 = e{h[xi cos(o;ln |£|) + x 2 sin(o; In |£|)] 

+p[x 2 cos(a In |£|) — x\ sin(o; In |£|)], 
H x = l^l- 1 ^— C 2 oos(a La |^|) - Ci sin(a:ln |£|) 

— ^i^2[psin(o; In |£|) — h cos(a In |£|)] 

+ ^(e 2 - x\ + x 2 2 )[hsm(a In |f |) + pcos(a In |£|)]}, 

#2 = lerHCi c °s(a In If I) - C2 sin(a In |f |) 
— x±x 2 [h sin(a In |£|) + p cos(a In |£|)] 

-^(^ + ^-^2)[^cos(aln|e|)-psin(aln|e|)]}, 

H 3 = e{h[xi sm(a In |£|) — a; 2 cos(o; In |£|)] 

+p[xi cos(aln |£|) + x 2 sm(aln |£|)], 
where £ = x — £ 3 , /i = w~ 2 [C4 cos(a In \u\) — C 3 sin(o; In \cu\ 
p = cu^ 2 [C 3 cos(a In |a;|) + C4 sin(o; In \uj\)], uj = x^x 1 *, 
a e R, £ = 1, for £ > and e = -1 for £ < 0. 



M, 



^ 2C 3 x a 

x 3 {x\ + x 2 2 ) 

where Aij = Ci (In 



1C\X a _3 _3 

+ x a a *A 12 , E 3 = x 3 a *A 12 , 



+ x a a 2^34, H 3 = x 3 a 2A34, 
y/a-x 3 



^fa + x 3 
a = x\ + x\ + X3, a = 1, 2. 



+ 2a;3 1 v / ^) + C J , 



M 4 



f 2C 4 _3 > _3 

1) E a = e ab x b i — p-j- — 2\-o- 2A 34 k £3 = 2:00- 2,4i 2 ; 
L Xol^i ~r x 2 ) J 



H a = -e 



/ 2^2 



where = Ci + C,- fin ^= — — 
V Vv + xq 

a = x\ — x\ — x\ > 0, a, 6 = 1, 2; 



-a 2A12}, H 3 = x a 2A34, 



2x Vo"), 
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2) E a = — EabXb\ -—^ 



„r- - a 2 -B34f, E 3 = x a zB 12 ; 



( C 2 -- 1 -- 

°*> x b\ — r~2~, — 2\ ~~ ° 2 - B i2f' H 3 = x a zB u , 

lx {xf+X 2 ) > 

where By = Ci + Cj(x X \fa — arctan -^-^), a = x\ + x\ — x\ > 0, 

Xq 

a,b= 1,2. 

Here e a fe, (a, 6 = 1,2) is the anti — symmetric tensor of the second 
order with e 12 = 1. 



. ^ 2x C4 _3 2x 3 C 2 -3 

l)Ei = -r-2 ^-XoO" 2^34,^2 = — ^ - X3CT 2^i 2 , 

2x C 2 _3 2X 3 C 4 -3 
— -5 2 -+x cr 2A12, H 2 = — -j-R 2\ - x 3 cr 2A34, 

_3 _3 

E 3 = x 2 <j zA 12 , H 3 = x 2 a 2A34, 

where = d + C j ( 2— - In ^ — — V a = x\ + - xl > 0; 

V x 2 V " + ^2 / 

—2^ 2~ — £ <7 2^ 34 , i^ 2 — — — — X 3 (J 2^ 12 , 

Wo z 2 (z^-x^) 

X C 2 



2) E x 



r~2 oT+^oO" 2B 12 , H 2 = -r-5 ^ ~ X 3 CT 2 B U 

x 2 {x z -x z 3 ) x 2 (x^-xi) 



o o 

£ 3 = x 2 a 2B 12 , H 3 = x 2 a 2_B 34 , 

where B^ = Ci + Cj — arctan ^-^\ , a = xi — 
V x 2 x 2 J 



x\ - x\ > 0. 



2 



£(2^2-^5) +^(2^3- x 3 C 6 ) 
e 1 ^(xiC 1 + x 2 C 4 ) - e 2 r](x 1 Ci - x 2 C A ) 

rr{ n*2 I ™2\ 



Eo — — 



2 L 



£(xiC 5 + x 2 C 2 ) + r](xiC 6 + x 2 C 3 ) 

^7](xj + X 2 2 ) 

^eii(xiC A - x 2 Ci) + e 2 r](xiC 4 + x 2 Ci)" 
a(x\ + x 2 2 ) 
r]{xiC & + x 2 C 3 ) - £QriC 5 + x 2 C 2 ) 
£r){x\ + x|) 
£i^(x 2 Ci - X1C4) + e 2 7](x 1 C 4: + x 2 Ci) 



2 



o-(xf + x' 2) 
£{xiC 2 - x 2 C 5 ) - 77(xiC 3 - x 2 C 6 ) 
ir]{x\ + xl) 



Ho = 
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_e 1 £(x 1 C 1 + x 2 C 4 ) + e 2 rj(x 1 C 1 - x 2 C A ) 
o{x\ + x%) 
E 3 = da-\ H 3 = C 4 a-\ 

where a = x\ + x\ + x\ — x^, £ = x + x 3 , r\ = x — x 3 , 

_ 1, if x + x 3 > 0, f 1, if x - x 3 > 0, 

— 1, if x + < 0, 2 \ —1, if rr — x 3 < 0. 



M 7 : 1) a = -1 



£1 = M - §(Ci + ^) - ^V' 2 C 2 - \e\rjr*f{£rr 2 ~ 1), 
E 2 = \v\~kC3 - \g) + x lV - 2 C 4 + l - e \ V \-\g(x\r 2 + 1), 
Hl = -\ V \--2(C 3 - \g) - x lV ' 2 C 4 - \e\ri\-\g{i*Tr 2 - 1), 

h 2 = \ v rkci + \f) - x lV - 2 c 3 - ^rhixh- 2 + 1), 

£ 3 = ?7 1 C 2 + SiM 2 /, #3 = ?? 1 C 4 + rcil^l ig 

Here / = /(w), g = g{u), F = F(cu), G = G(u) are 

1 * dF dG ,2-1 

arbitrary smooth functions, — — = /, — — — g, uo = £ — x-j] , 

du du) 

£ = x + x 3 , r] = x -x 3 , 
1, if xo — x 3 > 0, 
-1, if xq — x 3 < 0. 

2) < \a\ < 1 

_3 2g-l _3 2a- 1 

Si=X 3 |(7| 2(7i + C 2 ?7 I-" , E 2 = x \a\ 2C3 + C 4 ?7 1-a , 
_3 

S 3 = -xi|<t| 2C1, 

_3 2a- 1 _3 2a- 1 

#1 = -X 3 |(j| 2(7 3 - 1-a ) iJ 2 = Xo |(7| 2C1 + C 2 7? 1-a , 

_3 

#3 = £l|c| 2 C*3- 

If a = 1, then C 2 = C 4 = 0. 

Here a = x\ — x\ — x\, r\ = x — x 3 . 

M 8 : ^ = -xx^d + ^rlc 2 (£ + 2r^ - Sx 2 ^- 1 + In \ V \) + \r)\~^C 3 , 
E 2 = x lV ~ 2 C 4 - ±\r,\-ic 5 (S -It]- 3x1^ + In \ V \) + |77|-§C 6 , 
Hl = -x lV - 2 C 4 + l\r,\-lc 5 (S + 2 V - 3x1^ + In \ V \) - \r,\-^C 6 , 
H 2 = -x^ 2 C x + -^\-\c 2 {t -2 V - 3x1^ + In \ v \) + M"!^ 
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E 3 = r ] - 1 C 1 + x 1 \r ] \ 2C 2 , H 3 = r j - 1 C A + x 1 \r j \ 2C5, 
where £ = x + x 3 , 77 = x - x 3 . 

1) E 1 = ip- 2 [A l2 (ip^ - y-\{r, 2 - 4) - 1277a;) - r]B l2 ], 

E 2 = <p- 2 [A u (<p2 - <p~2 (rj 2 + 4) - 12770;) - 77534], 
_ 1 

E 3 = (p- 2 [4A 12 (r)(p 2 + 6a;) + 2Si 2 ], 

#1 = -V9~ 2 [A 34 (^2 - (p~2 (rf - 4) - 127/a;) - 77S34], 

#2 = ip- 2 [A 12 (ip2 - if~2(r] 2 + 4) - 127/a;) - r]B 12 ], 

H 3 = -v?~ 2 [4A 34 (77v?~2 + Quj) + 2^34], 

where A {j = (1 + 36a; 2 ) - 1 [0^(4^1 + 36a; 2 - 72a;) 

+CjOr~5(4Vl + 36c; 2 + 72a;)], 

Bij = 16(1 + 36o; 2 )~^(C>l - Cja~l), 

o" = 6a; + v / 36cJ 2_ +T, o> = (£ — X177 + g 7 ? 3 )'/ 9 2 , 

(/? = 4^1 — ?7 2 > 0, 

£ = x + x 3 , 77 = x - £ 3 ; 

2) £x = v^ 2 [A 12 (v^ - y?~^(?7 2 + 4) + 4277^0 - r/B 12 }, 
E 2 = v?~ 2 [A 34 (v?2 - v ~2 (rj 2 -A)- 42r]u) - r)B u ], 
E 3 = - V - 2 [4A 12 { W ~^ + 21a;) - 2B 12 ], 

Hi - (p~ 2 [A u ((p2 - <p~2 ( v 2 + 4) + 427/a;) - 77.B34], 

H 2 = <p- 2 [A 12 (ip2 - ip~2(ri 2 - 4) + 427/a;) - rjB 12 } : 

H 3 = <p- 2 [A u ( W ~^ + 21a;) - 25 34 ], 

where A tj = (1 - 36a; 2 ) - 2 {cos a[72uCj - AQy/l - 36a; 2 ] 
— sin a[72ud + ACjy/l -36a; 2 ]}, 

B^ = 16(1 — 36a; 2 ) 2 [d sin a — Cj cos a], a = - arcsin 6a;, 

1 ^ 

|6a;| < 1, = V 2 ~ 4xi > 0, a; = (f - ^77 + -t/ 3 )^, 
£ = a; + x 3 , 77 = x -x 3 ; 

3) ^ = V - 2 [A l2 {^ - ^(rj 2 + 4) - 127/a;) - 77^2], 
E 2 = <p- 2 {A u (cp2 - <p~2 (rj 2 - 4) - 127/a;) - 77,634], 
E 3 = ip- 2 [-AA 12 ( W ~2 - 6a;) + 2B 12 ], 



74 



H l = -ip- 2 [A u (ip^ - <p~hri 2 + 4) - 12t]lu) - rjB 34 } : 

H 2 = <p- 2 [A 12 (<p2 - tp~i(ri 2 - 4) - 1277a;) - r]B 12 ], 

H 3 = ip- 2 [AA 34 ( W -l - Quo) - 2B U ], 

where A, tj = (3Quj 2 - l)~^[da^ (AVSQuj 2 - 1 - 72o>) 

+C j( r~l(4V3Quj 2 - 1 + 72a;)], 

Bij = 16(36cj 2 - l)~§[C>t - Cja~% 

a = Quo + V36cj 2 - 1, |6o;| > 1, </? = 4^ - rf > 0, 

1 3 

uJ = {i-x l 7] + -r] 3 )(p~2 , £ = xo + x 3 , 77 = x - x 3 . 
E 1 = a'\l + ^ 2 )~ 1 {x 1 C 5 - x 2 C 6 - (1 + u^-^idu; 

+c 2 ) + ix 2 {c z u + c A ) - l(i - fx^d - ^c 2 ) 

+x 2 (C 3 - o>C 4 ))]} + V 2 (l + C 2 )(l + c^-'Md - o>C 2 ) 
-a? 2 (C 8 -o;Ci)], 

£ 2 = (T-^l + e 2 ) _1 {^1^6 + X 2 C 5 + (1 + W 2 )- 1 ^!^ 

+C 4 ) - £x 2 (CW + C 2 ) + 1(1 - £ 2 )(x 2 (Ci - 0>C 2 ) 

- Xl (C 3 - uC A ))]} + V 2 (l + + - ujC 4 ) 

+x 2 (C 1 - uC 2 )\, 
E 3 = a-\l + lu 2 )- 1 ^ + + C 2 (l - 
^ = ^-1(1 + fy 1 { Xl C 6 + x 2 C 5 + (1 + cu 2 r l ^ Xl (C 3 u 

+C 4 ) - faidu + C 2 ) + 1(1 - e)MCi - ojC 2 ) 

- Xl (C 3 - uoC 4 ))}} + V 2 (l + e)(l + ^[xiiCs - uoC 4 ) 

+x 2 (d -uC 2 )], 
H 2 = a~\\ + er'ixiC, - x 2 C 6 - (1 + ^-^(CW 

+C 2 ) + ^ 2 (C 3 w + C 4 ) - 1(1 - e 2 )(^i(Ci - o>C 2 ) 

+x 2 (C 3 - uoC,))]} - V 2 (l + e 2 )(l + c^-'Md - cuC 2 ) 

-x 2 (C 3 - wC 4 )], 
tf 3 = ^(l + uo 2 )' 1 ^ + + C 4 (l - 
where a = x\ + x 2 , a; = 77(1 + ^ 2 )o" _1 — £, 77 = rro + £3, 
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In the above formulae Cj, (j = 1, 2, . . . , 6) are arbitrary real constants. 

Note that the constructed Maxwell fields are, generally speaking, non- 
orthogonal. However, provided some additional restrictions on the parame- 
ters Ci, . . . , Ce are imposed, they become orthogonal. Consider, as an exam- 
ple, the last solution from the above list. Imposing the orthogonality condi- 
tion E ■ H = yields the following restrictions on the choice of Ci, . . . , Cq. 

C2CQ = C4C5, C\Cq = C1C3 + C2C4 + C3C5. 

Next, for the solution invariant under the subalgebra Mi the orthogonality 
condition leads to the following set of algebraic equations to be satisfied by 
the parameters C\, . . . , Cq 

C2C3 = C1C4, C1C3 = 0. 

6 Concluding remarks 

The range of applications of the Lie group methods for solving systems of 
linear and nonlinear partial differential equations is so wide that it is simply 
impossible to give a detailed account of all the available techniques, even, if 
we restrict our considerations to some fixed group, like the conformal group 
C(l, 3). However, the basic ideas and methods exposed in the present review 
paper are easily adapted to the cases of other groups of importance for the 
modern physics. In particular, it is straightforward to modify the general 
reduction method suggested here in order to make it applicable for solving 
equations of non-relativistic physics, where the central role is played by the 
Galilei and Schrodinger groups. 

Furthermore, the general method exposed in the paper applies directly to 
solving the full Maxwell equations with currents. It can be used also to con- 
struct exact classical solutions of the Yang-Mills equations with Higgs fields 
and of their generalizations. Generically, the method developed in the pa- 
per can be efficiently applied to any conformally-invariant wave equation, on 
the solution set of which a covariant representation of the conformal algebra 
(j2.11j) is realized. 

We do not consider here the solution techniques based on the symmetry 
reduction of different versions of the self-dual Yang-Mills equations to inte- 
grable models (we refer the interested reader to the papers [TH1 , 
[21], jHSl for a detailed exposition of the results in this field available by now). 

The results on exact solution of nonlinear generalizations of the Maxwell 
equations are also beyond the scope of the present review. The survey of 
these results, as well as, the extensive list of references can be found in |2"T] . 
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